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PREFACE. 


It  is  hoped  that  the  present  work  may  meet  the  require- 
ments of  two  classes  of  students.  It  is  intended  on  the  one 
hand  to  supply  a  clear  account,  complete  as  far  as  it  goes,  of 
the  principles  on  which  the  calculation  of  the  motion  of 
a  rigid  body  is  conducted,  for  students  who  have  not  sufficient 
time  to  master  the  larger  treatises  already  published  on  the 
subject.  In  addition,  the  writer's  experience  has  shewn  him 
that,  in  the  case  of  students  of  a  different  class,  the  study  of 
such  a  work  as  the  present  often  forms  a  good  preparation  for 
an  acquaintance  with  works  which  take  a  wider  and  deeper 
range. 

The  chief  difficulty  experienced  has  been  that  of  selec- 
tion, from  a  large  mass  of  propositions,  of  those  which  were 
proper  to  be  included  as  df  inoVt  ^importance.  Stress  has 
mainly  been  laid  upon  the  clear  enunciation  of  general 
principles,  without  a  full  perception  of  which  there  is  sure  to 
be  confusion :  while  less  importance  has  been  attached  to 
special  artifices  for  the  solution  of  particular  problems. 

The  author  desires  to  express  his  thanks  to  several 
friends,  and  especially  to  his  colleague  Professor  A.  S. 
Herschel,  for  assistance  in  correcting  proofs  and  for  many 
valuable  hints :  and  will  be  grateful  to  any  of  his  readers  who 
will  inform  him  of  errors,  or  suggest  improvements. 

College  of  Science, 

Newcastle-upon-Tyne, 

Ilarch,  1882. 
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CHAPTER   I. 

KINEMATICS. 

1.  The  motion  of  a  point  in  space  is  determined  by 
means  of  the  changes  in  the  co-ordinates  which  at  any  instant 
determine  its  position.  If  its  co-ordinates  referred  to  three 
fixed   rectangular   axes   be   x,   y,   z\   the   velocities   of  the 

particle   resolved   parallel   to    these    axes    are    - ,    .    ~  ,    ~r 

^  at      at      at 

respectively;  and  the  accelerations  in  the  same  directions  are 

d'x      d^y      d^z  ,.     , 

Hence  to  determine  completely  the  motion  of  a  j^oint  in 
space  three  quantities  require  to  be  completely  known  in 
terms  of  the  time. 

2.  If  the  motion  of  the  particle  be  confined  to  one  plane, 
two  quantities  are  sufficient.  If  the  position  of  the  particle 
be  determined  by  rectangular  co-ordinates  x,  y,  its  velocities 

parallel  to  these  respectively  are  ^  j   -77  >  ^^^  its  accelera- 

tions  in  the  same  directions  are  -^2  j    77^  •     If  ^^  position 

be  determined  by  polar  co-ordinates  r,  0,  the  velocities  of 
the  particle  along  and  perpendicular  to  the  radius  vector  are 

A.  D.  1 
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dr  dO 

~  -  ,    r  -7- ,    respectively ;   and  its  accelerations  in    the    same 

CLZ  CtZ 

directions  are 

■      d'r        /de\'       .ldf.de\ 


df 


a 


dt)    ^"^     r  dt\      dt 


If  s  =  f{<f>)    be    the    intrinsic    equation    of    the   path    of 

the    particle,    the    velocity    is    entirely    along    the    tangent, 

ds 
and   is  measured  by    ,  ,  while  the   accelerations  along  the 

(XZ 

.  ,  ,    ,        d^s         ,    ds    d(b 

tancfent    and    normal    are    measured    by     -^-,    and    ~t.  -    i,  > 
=>  *^     dt^  dt    dt 

respectively.     The  latter  is  usually  expressed   in    the    form 

1  ^dsV 

-  (  -7      where  p  is  the  radius  of  curvature  of  the  curve  at  the 

p  \dtj 


ds 


point  considered,  and  is  equal  to  -77 . 

If  a  point  be  moving  in  a  circle  round  the  origin  so  that 

dv 
r  is  constant  and  -y-  therefore  vanishes,  the  velocity  of  the 

dt 

particle  is-  entirely  perpendicular  to  the  radius  vector,  and  is 

measured  by  r  —  ,  or  rw,  if  w  denote  the  angular  velocit}^  at 

the  instant. 

The  resolved  parts  of  this  velocity  parallel  to  the  axes  of 
:c  and  y  are  —  yea  and  -\-X(jl>  respectively,  if  w  denote  a  rotation 
from  Ox  to  Oy. 

All  the  preceding  results  are  to  be  found  in  the  ordinary 
treatises  on  Dynamics  of  a  particle. 

3.  The  motion  of  a  straight  rod  is  completely  determined 
if  we  know  at  any  time  the  position  of  a  given  point  on  the 
rod,  and  the  direction  of  the  Hue  of  the  rod  in  relation 
to  certain  fixed  diiections.  If  the  motion  be  confined  to  one 
plane,  this  will  require  the  determination  of  three  things,  viz. 
the  co-ordinates  x,  y  of  the  fixed  point,  and  the  inclination  6 
of  the  line  to  Ox,  in  terms  of  t,  the  time.    The  rate  of  change 

of  this  latter  quantity,  measured  by  -,,  ,  is  called  the  angular 

velocity  of  the  line  in  the  plane. 
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It  is  obvious  that  the  motion  of  a  plane  figure  of  any  kind 
in  its  own  plane,  is  completely  determined  if  we  know  that  of 
any  one  line  in  it,  and  therefore  requires  three  quantities  for 
its  determination. 

If  u,  V  be  the  velocities  of  a  given  point  in  the  plane 
figure  parallel  to  the  axes,  and  x,  y  be  the  co-ordinates  of  any 
point  in  the  figure  relative  to  this  point  as  origin,  the 
velocities  of  the  second  point  parallel  to  the  axes  will 
hQ  u  —  y(o,  V  +  xo),  where  a>  is  the  angular  velocity  of  the  body 
round  the  given  point. 

If  a  point  be  found  such  that  these  expressions  vanish, 
that  point  is  instantaneously  at  rest.     Its  co-ordinates  are 

,   — ,  and  if  these  be  called  a,  /3,  the  velocities  of  any 

(O         CO 

other  point  parallel  to  the  axes  are,  by  substitution  of  jSco  and 
—  aco  for  u  and  v,  —  [y  —  (3)  w  and  [x  —  a)  co.  These  expres- 
sions shew  that  the  motion  is  instantaneousl}^  one  of  rotation 
about  the  point  (a,  /3)  which  is  therefore  called  the  centre  of 
instantaneous  rotation. 

The  position  of  this  point  can  be  geometrically  determined 
if  we  know  the  directions  of  motion  of  any  two  points  of 
the  body,  for  it  will  evidently  be  the  point  of  intersection 
of  the  lines  drawn  from  these  points  in  directions  at  right 
angles  to  those  of  their  motion. 

4.  If  the  motion  of  the  rod  be  not  confined  to  one  plane, 
three  quantities  will  determine  the  motion  of  the  fixed  point, 
and  three  more  the  direction  of  the  line  relative  to  the 
co-ordinate  axes.  These  latter  three  are  however  connected 
by  the  well-known  relation  between  the  direction -cosines  of 
any  straight  line,  and  consequently  the  total  number  of 
quantities  to  be  found  is  five. 

5.  It  is  evident  that  the  position  of  a  rigid  body  of 
any  given  form  is  completely  known  if  we  know  the 
positions  of  any  three  points  of  the  body  which  do  not 
lie  in  a  straight  line.  This  will  require  the  determination 
of  the  nine  co-ordinates  of  the  three  points.  As  however 
these  nine  co-ordinates  are  connected  by  three  relations, 
obtained  from  the  consideration  that  the  distances  between 

1—2 
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the  points  are  given,  there  remain  six  independent  quantities. 
Thus  six  conditions  are  required  in  order  to  determine 
completely  the  most  general  motion  of  a  single  rigid  body. 

6.  Let  {x,  y,  z)  be  the  co-ordinates  of  any  point  of 
the  body;  (a,  /3,  7)  those  of  another  point  on  the  body, 
and  f,  77,  j"  the  co-ordinates  of  the  first  point  relative  Jit^  axes 
through  the  second  parallel  to  the  original  co-ordinate  axes. 

Therefore   x=  a.-{-  ^,         y  —  ^-^  V>         ^=  y  +  ^', 

^  dx  _daL     d^  dy  ^d(3     drj  dz  _  dy     d^ 

^^^^     Jt^dt'^di'        tt~lii     lit'        dt~'dt'^dt' 

Hence  the  velocity  of  [x,  y,  z)  in  any  direction  is  equal  to 
the  sum  of  the  velocities  of  (a,  /S,  7),  and  of  (x,  y,  z)  relative 
to  (a,  /5,  7),  in  that  direction. 

To  investigate  the  motion  of  a  rigid  body,  we  may 
therefore  investigate  the  motion  of  any  given  point  in  it, 
and  add  the  motion  of  the  body  relative  to  that  point. 

7.  Let  then  (a,  /S,  7)  be  taken  as  origin,  and  let  x,  y,  z\ 
be  the  co-ordinates  of  the  point  {^,  ?;,  J)  referred  to  axes  fixed 
in  the  body  and  moving  with  it. 

Let  {l^,  n\,  7\),  (l^,  w.^,  n^),  (l^,  m^,  n^)  be  the  direction- 
cosines  of  the  axes  of  x\  y\  z  with  respect  to  those  of 
f,  t],  f.     Then  by  tlie  author's  Solid  Geometry,  Art.  44, 

f  =  l^x  4-  \y  +  \z,  a!  =  l^^-\-  m^rj  +  w,f, 

r)  =  m^x  +  m^y  +  m./,  V  =h^-^  '^^^V  +  %^y 

K  =  n,x  +  n^y  +  n/,  z  =  l^^  +  m^rj  +  71^^, 

Therefore  ^^  =  a/ ^l  +  y'  §  +  z'  § 
dt  dt      ^   dt  dt 

'fjdl      ,  dL      ,  dl\  (      dL  .        dl,  ,        dl\ 

dl,  dL  dL 


^(      dL  dL  dL\ 
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But  (Solid  Geometry,  Art.  44)  Ave  have 

//  +  l^    +  ^3"    =  1 . . .  (1 )  mji^  +  m^n^  +  m^n^  =  0 ...  (4) 

w:  +  m:  +  m:=l,..i^  r^A  +  n^k  +^^3^3    =0...(5) 

'«/  +  ?^/  +  >?3'  =  1 ... (3)  l^rn^  +  Z^w,  -f  l^m^  =  0. . . (6). 

Differentiating  these  equations  we  get 

jdl  ill  dl^_ 

and  two  similar  relations  from  (2)  and  (3) ;    and  also 

dn,  dn^  dn„         (     dm.  din„        dm.\      ,^. 

with  two  similar  relations  from  (5)  and  (6). 

If  we   aoTee   to    denote   the  value  of  each  side  of  the 

equation  (7)  by  the  symbol  co^,  and  denote  the   correspondmg 

dl,  dl,^  dL         J  dm.      ,  drn^      ,  dm 

expressions   „  _  +  „^ -  +  n^  -  ,       ?,  --  +l^^-  +  l^^, 

bv  the  symbols  co^,  o),,  we  shall  obtain 

d^ 

and  similarly  -£  =  o)^^ -  w^^} (8). 


d^ 
'dt 


-Tx  =  ^.V  -  (^y 


The  three  quantities  w^,  co^,  (o,  evidently  depend  on  the 
change  of  position  of  the  axes  fixed  in  the  body,  relatively  to 
axes  fixed  in  space,  that  is  on  the  motion  of  the  body 
considered  as  a  whole.  We  shall  be  able  presently  to  give 
them  a  more  definite  geometrical  meaning.  The  equations 
(8)  thus  determine  the  velocity  of  each  particle  in  terms  of 
the  general  motion  of  the  body. 

8.  If  u,  V,  w  be  the  velocities  of  the  point  (ct,  yS,  7) 
parallel  to  the  co-ordinate  axes,  the  whole  velocities  of  the 
point  {x,  y,  z)  are  obtained  by  adding  ii,  v,  %v  to  the  values  of 

d^     dr)      d^  .•     i         .1  1, 

~  ,    -J  ,    —  respectively ;    thus  we  nave 
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dz 

The  motion  of  every  point  of  the  body  is  therefore 
completely  determined  if  u,  v,  Wy  o)^,  cOy,  co^  be  known. 

9.  Returning  now  to  the  consideration  and  interpreta- 
tion of  the  equations  (8)  of  Article  7,  let  us  suppose  a 
straight  line  through  the  point  (ol,  /5,  7)  of  the  body  taken  as 
origin,  whose  equations  are 

OS       y  _  z 


«x         ^y         (^z 


.(!)• 


The  square  of  the  length  of  the  perpendicular  on  this 
line  from  a  point  (f,  t],  f)  is  (Solid  Geometry,  Art.  28,) 

fc2  +  ^2     ^2  _  (i^!k+^.L±i^' 

<'+<  +  «/ 
or   if  V  represent  the  resultant  velocity  of  the  particle  at 
(?5  V,  ?))  ^^^  ^ve  represent  «/  +  co f  +  o)/  by  H^  the  square  of 

the  perpendicular  becomes  —^ . 

If  we  call  this  perpendicular  jc>,  we  have  therefore 

V  =  pn    (2). 

Again  the  direction-cosines  of  the  line  of  motion  of  the 

particle  (f,  77,  f)  are  proportional  to    ,~  ,    -y  ,    — ^ . 

From  equations   (8)  of  Art.   7  we   can  deduce  the  two 
following  relations  : 

d^  ,       drj  dt     ^ 
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whence  it  follows  that  the  line  of  motion  of  the  particle  (f,  77,  f) 

is  perpendicular  to  the  line   ^  =  ~  =  ^  ^"^^  ^^so  to  the  line 

(1),  and  therefore  is  perpendicular  to  the  plane  containing 
them  both,  that  is  to  the  plane  passing  through  tbe  line 
(1)  and  the  point  (f,  ?;,  f). 

Hence  the  instantaneous  velocity  of  the  point  (f,  7;,  f)  is 
exactly  the  same  as  if  it  were  moving  in  a  circle  whose  radius 
is  li  with  angular  velocity  H. 

The  motion  of  the  whole  body  is  therefore  at  any  instant 
represented  by  a  rotation  round  the  line  (1)  with  an  angular 
velocity  H. 

It  is  perhaps  utmecessary  to  remark  that  as  w^,  ro^,  co, 
probably  change  from  instant  to  instant,  both  tbe  direction  of 
the  line  (1)  and  the  angular  velocity  round  it  cliauge  also. 

The  line  (1)  is  called  the  instantaneous  a,xis  through  the 
point  {a,  ft  7). 

10.  If  at  any  moment  it  happens  that  w^  and  w,  both 
vanish,  the  instantaneous  axis  coincides  with  the  axis  of  x 
and  the  angular  velocity  round  it  becomes  w^.  The  values  of 
the  velocities  of  the  particle  (^,  ??,  f  j  parallel  to  the  axes  of 
X,  y,  z  become  in  that  case  by  equations  (8)  of  Art.  7 
respectively  0,  —  wX  ^^^^  ^x^-  The  velocities  produced  by  an 
angular  velocity  o)^  round  the  axis  of  ;/  would  similarly  be 
(£)X  0,  —  w^f  parallel  to  Ox,  Oij,  Oz  respectively ;  and  those 
produced  by  an  angular  velocity  w^  round  the  axis  of  z  would 
similarly  be  —  w.t],  w,^,  0. 

Comparing  these  results  with  equations  (8)  of  Art.  7  we 
see  that  the  actual  velocities  of  the  particle  are  the  alge- 
braical sum  of  those  which  would  be  produced  separately  by 
the  separate  angular  velocities  tw^,  oj^,  w^  round  the  three  axes 
of  X,  y,  and  z,  which  may  therefore  be  regarded  as  the  resolved 
parts  of  n  in  the  directions  of  those  axes. 

11.  It  will  be  evident  from  the  results  of  the  last 
Article  that  o)^  represents  an  angular  velocity  round  the  axis 
of  X  from  Oy  towards  Oz,  for,  supposing  77,  f  to  be  positive, 
such  a  rotation  will  give  a  positive  linear  velocity  of  the  par- 
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tide  parallel  to  Oz,  and  a  negative  one  parallel  to  Oi/.  Simi- 
larly cOy  denotes  a  rotation  round  Oij  from  Oz  to  Ox,  and  co^  a 
rotation  round  Oz  from  Ox  to  Ot/,  All  these  rotations  are 
estimated  as  positive  when  the  couple  which  would  tend  to 
produce  them  would  be  positive  according  to  the  ordinary 
statical  convention. 

If  then  we  measure  off  on  any  line  a  length  representing 
the  magnitude  of  the  angular  velocity  round  that  line,  this 
length  will  completely  represent  the  rotation  in  every  respect, 
the  axis  of  rotation,  the  velocity  of  rotation,  and  the  sense  in 
which  the  body  rotates  round  that  axis. 

12.  The  result  obtained  in  Art.  10  can  now  be  enunci- 
ated in  the  following  manner. 

If  there  be  simultaneously  impressed  on  a  body  angular 
velocities  represented  by  three  straight  lines  mutually  at 
right  angles,  the  resultant  motion  is  an  angular  velocity 
represented  by  that  diagonal  of  the  parallelepiped  of  which 
these  three  lines  are  edges,  which  passes  through  their  point 
of  intersection. 

13.  The  proposition  of  the  last  Article  may  be  replaced 
by  the  following,  which  may  be  called  "  the  parallelogram  of 
angular  velocities"  and  may  be  enunciated  thus  : 

If  two  angular  velocities  represented  by  two  straight 
lines  be  simultaneously  impressed  on  a  body,  the  resultant 
motion  will  be  an  angular  velocity  represented  by  the 
diagonal  of  the  parallelogram  of  which  those  lines  are  adjacent 
sides. 

The  following  geometrical  proof  can  be  given  : 

Let  OA,  OB  represent  the  angular  velocities,  and  let  OC 
be  the  diagonal  of  the  parallelogram  OACB. 

Let  P  be  any  point  on  the  body,  and  let  P()  be  drawn 
perpendicular  to  the  plane  OA  GB,  to  meet  it  in  Q.  From 
Q  draw  perpendiculars  QH,  QK,  QL  on  OA,  OB  and  OG. 
Join  PH,  PK,  PL.  These  are  perpendicular  to  OA,  OB,  OG 
respectively. 

Owing  to  the  angular  velocity  OA,  P  has  a  linear  velocity 
OA  .  PH  in  the  plane  PHQ  perpendicular  to  PH.  This  may 
be  resolved  into  velocities,  OA  .  QH  along  PQ  and  OA  .PQ 
parallel  to  HQ. 
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Owing  to  the  angular  velocity  OB,  P  has  similarly  linear 
velocities  OB .  QK  along  QP  and  OB .  P  Q  parallel  to  QK. 

The  whole  velocity  of  P  along  QP  is  therefore  represented 
by  OB.  QK—OA  .  QH  which,  by  the  same  proof  as  that 
given  in  treatises  on  elementary  Statics  on  the  subject  of 
moments,  is  equal  to  DC .  QL. 


The  velocities  OA  .  PQ  and  OB .  PQ  along  HQ,  QK  re- 
spectively are  similarly  replaceable  by  a  single  velocity 
00.  PQ  along  QL,  since  i/Q,  QL,  QK  contains  the  same 
angles  as  OA,  OC,  OB. 

Hence  the  resultant  velocity  of  P  is  OC.PQ  along  QL 
and  OC.QL,  along  QP  which  make  up  a  single  velocity 
00 .PL  perpendicular  to  PL  in  the  plane  PQL,  that  is  the 
motion  is  an  angular  velocity  represented  by  0(7  in  all 
respects. 

14.  It  follows  that  all  the  known  results  about  the 
composition  and  resolution  of  forces  or  velocities  apply 
equally  to  the  composition  and  resolution  of  angular  ve- 
locities. 

15.  If  the  point  (7,  p,  7)  have  velocities  u,  v,  w  parallel 
to  the  axes,  the  velocities  of  any  particle  of  the  body  in  these 
directions  are  by  Art.  8 

v+o.\^-^oX\ •. (1). 

W  +  0)7]  -  (O^  \ 
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It  follows  from  the  analogy  of  these  formulae  with  those 
giving  the  moments  of  a  system  of  forces  round  axes  parallel 
to  those  of  X,  ?/,  z  (Todhunter's  Analytical  Statics,  Chapter 
VII.)  that  all  the  results  relating  to  the  central  axis  and 
other  properties  of  the  system  of  forces  have  their  analogues 
in  the  present  subject. 

For  instance,  if  there  be  one  point  w^hose  instantaneous 
velocity  is  zero  there  will  be  a  straight  line  which  is  instan- 
taneously at  rest.     The  condition  for  this  is 

uw^  +  V(Oy  +  luco^  =  0 (2). 

In  this  case  the  motion  is,  for  the  instant,  one  of  rotation 
round  an  axis  whose  equations  are  obtained  by  equating  any 
two  of  the  quantities  in  (1)  to  zero. 

Whether  the  condition  (2)  be  fulfilled  or  no,  the  linear 
velocity  of  all  points  in  the  straight  line  given  by  the 
equations, 

(^x  ^u  ^z 

is  in  the  direction  of  this  line  and  is  less  than  that  of  all  points 
outside  it.  The  linear  velocity  of  all  points  on  the  surface  of 
a  right  circular  cylinder  of  which  this  line  is  the  axis  and  whose 
radius  is  c  exceeds  that  of  points  on  the  axis  by  the  same 
quantity,  so  that  if  the  two  velocities  be  v  and  v\ 

16.  Any  number  of  simultaneous  rotations  round  inter- 
secting axes  can  thus  be  replaced  by  a  rotation  round  a  single 
axis.  Two  simultaneous  rotations  round  parallel  axes  will  in 
general  be  equivalent  to  a  rotation  round  a  single  axis  parallel 
to  them.     The  following  geometrical  proof  may  be  given. 

The  motion  of  each  particle  is  evidently  in  a  plane  per" 
pendicular  to  the  two  axes.  Let  P  be  any  particle,  let  the 
plane  of  the  paper  be  the  plane  of  motion  and  A,  B  the 
points  in  which  the  two  axes  of  rotation  cut  this  plane.  Let 
&)j,  6)2  be  the  angular  velocities  round  these  axes.  Then  the 
rotation  round  A  produces  in  P  a  linear  velocity  AP.  a>,  per- 
pendicular to  AP\  the  rotation  round  B  similarly  produces 
a  velocity  BP .  w^  perpendicular  to  PB.  If  PN  be  drawn 
from  P  perpendicular  on  AB,  these  two  velocities  will  give  a 
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component  (w^  +  co^) .  PN  parallel  to  AB  and  w^ .  J.xY+  o)^ .  BN 
parallel  to  PN.  If  we  take  a  point  G  between  A  and  B,  such 
that  AG .  o)^  =  BG.(o^  the  latter  component  will  be  replaced 
by  GN .  (co^  +  o)^).  Hence  the  resultant  velocity  of  P  is 
GP .  (ft>i  +  cdJ  perpendicular  to  GP.  Tliat  is,  the  motion  of  P 
is  exactly  that  which  would  be  produced  by  an  angular  velocity 
(wj  +  wj  round  an  axis  through  G  parallel  to  either  of  the 
original  ones. 


If  the  two  angular  velocities  be  of  opposite  signs,  the 
resultant  angular  velocity  will  be  the  difference  of  the  two 
original  ones,  and  the  point  G  will  be  in  the  straight  line  AB 
produced,  at  a  point  such  that  AG .  w^  =  BG  .  crj.^. 

17.  If  the  two  opposite  angular  velocities  are  equal,  the 
linear  velocity  of  P  parallel  to  AB,  which  is  expressed  by 

(0)  —  o).)  PN,  vanishes.  The  linear  velocity  perpendicular  to 
AB  \'s>  (o  .  AN—  (o^ ,  BN  or  «, .  AB.  As  this  is  the  same  for 
every  particle,  the  motion  of  the  body  is  in  that  case  one  of 
simple  translation  perpendicular  to  AB. 

We  may  again  call  attention  to  the  analogy  of  these 
results  with  those  with  which  the  student  is  already  familiar 
in  Statics,  angular  velocities  corresponding  to  forces,  and  ve- 
locities of  translation  to  couples. 

18.  The  accelerations  of  any  particle  of  the  body  parallel 
to  the  axes  can  be  obtained  by  differentiating  the  expressions 

(1)  of  Art.  15  with  respect  to  t  and  using  the  equations 
(8)  of  Art.  7.     The  acceleration  parallel  to  Ox  is  thus 

du  cZJ     do)^    ^         drj  dco^ 
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=  -^^  +  »,  (",';  +  -=?)  -  «  +  <«;)  f  +  ?^^"  - »;  ^- , 

where  jo  =  w^^  +  w^jn  +  w,?" 

The  accelerations  parallel  to  Oy  and  Oz  can  be  similarly 
deduced. 

19.  We  have  now  seen  that  the  velocities  and  accelera- 
tions of  every  point  of  a  rigid  body  can  be  determined  if 
Ave  know  'u,  v,  tv,  co^,  o)^,  co^.  The  determination  of  these  six 
quantities,  when  the  external  forces  which  act  on  the  different 
particles  of  the  body  are  known,  is  the  problem  which  we 
have  to  cope  with  in  the  remaining  chapters  of  this  book. 


EXAMPLES.     CHAPTER  I 

1.  A  body  has  angular  velocities  represented  by  co,  —  2&>, 
Sco  round  the  three  co-ordinate  axes ;  find  the  resultant 
angular  velocity, 

2.  Show  that  an  angular  velocity  w  round  any  axis  may 
be  replaced  by  an  equal  angular  velocity  round  any  parallel 
axis  at  a  distance  p  from  the  former,  together  with  a  motion 
of  translation,  of  magnitude  pro,  perpendicular  to  the  plane 
containinof  the  two  axes. 

8.  Explain  what  is  meant  by  a  couple  of  rotatory 
motion ;  show  that  such  is  equivalent  to  a  single  motion  of 
translation.  Hence  show  that  the  motion  of  a  rigid  body 
may  be  represented  in  an  infinite  number  of  ways  b}''  rota- 
tions about  two  axes. 

4.  Show  that  every  motion  of  a  rigid  body  can  be 
represented  by  a  rotation  round  some  axis  and  a  motion  of 
translation  along  the  same  axis. 
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5.  A  lamina  moves  in  its  own  plane  so  that  a  point  fixed 
in  it  lies  on  a  straight  line  fixed  in  the  plane,  and  that  a 
straight  line  fixed  in  it  always  passes  through  a  point  fixed 
in  the  plane  ;  the  distances  from  each  point  to  each  line 
being  equal.  Prove  that  the  motion  may  be  completely 
represented  by  a  parabola  fixed  in  the  lamina  rolling  upon  a 
parabola  fixed  in  the  plane. 

6.  A  straight  rod  moves  in  any  manner  in  a  plane ; 
prove  that,  at  any  instant,  the  directions  of  motion  of  all  its 
particles  are  tangents  to  a  parabola. 

7.  A  cube  has  equal  angular  velocities  imparted  to  it 
about  three  edges  mutually  at  right  angles  which  do  not 
meet.  Find  the  resultant  velocity  of  its  centre,  and  show 
whether  the  motion  is  capable  of  being  represented  by  a 
single  rotation. 

8.  If  the  angular  velocities,  at  any  time  t,  about  the 
axes  of  X,  y,  z,  are  proportional  respectively  to  cot  [m  —  n)  t, 
cot  [n-l)t  and  cot  {I  —  m)  t,  determine  the  locus  of  the 
instantaneous  axis. 

9.  A  rod  moves  with  its  extremities  on  two  intersecting 
lines.  Find  the  direction  of  motion  of  any  point.  If  the  two 
lines  do  not  intersect  but  are  at  right  angles  to  each  other, 
examine  whether  the  motion  can  be  represented  by  a  single 
rotation. 


CHAPTER  II. 


d'alembeet's  principle. 


20.  The  second  law  of  motion  tells  us  that  change  of 
motion  in  a  particle  is  proportional  to,  and  is  in  the  direction 
of,  the  impressed  force. 

If  a  be  the  acceleration  of  a  particle  resolved  in  any 
direction,  m  the  mass  of  the  particle,  and  P  the  external 
force,  measured  in  pounds  or  any  other  unit,  acting  on  the 
particle  in  the  same  direction  ;  it  only  requires  the  units  of 
mass  and  force  to  be  properly  chosen  to  give  as  the  result  of 
the  second  law  of  motion  the  equation 

ma  =  P. 

Writing  this  equation  in  the  form 

P  —  moL  =  0 

if  we  agree  to  give  to  77^a  the  name  of  "  the  moving,  or  effec- 
tive force "  on  the  particle  in  the  direction  considered,  we 
can  express  this  result  verbally  in  the  statement  that  sup- 
posing a  force  equal  and  opposite  to  the  "  effective  or  moving 
force  "  were  applied  to  the  particle,  this  would  form  with  the 
actual  impressed  forces,  a  system  in  equilibrium. 

21.  The  principle  commonly  known  as  D'Alembert's 
Principle  extends  this  theorem  to  the  case  of  any  number  of 
particles  mutually  acting  and  reacting,  whether  they  form 
what  is  called  a  rigid  body,  a  flexible  or  fluid  mass,  or  a 
discontinuous  system  of  particles. 

For  any  such  system  we  have  the  law,  that  the  whole  set 
of  external  impressed  forces  acting  on  the  body,  with  a  set  of 
fictitious  forces  equal  to  the  several  ''moving"  or  "effective 
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forces  "  on  tlie  several  particles  of  the  system  reversed,  would 
form  a  system  of  forces  in  equilibrium. 

This  statement  is  equivalent  to  the  assumption  which 
may  be  regarded  as  an  extension  of  Newton's  third  law  of 
motion,  that  all  the  mutual  actions  and  reactions  between 
the  particles  of  the  body  form  a  system  in  equilibrium. 

For  let  P  be  the  resultant  external  force  acting  on  any 
particle,  R  the  resultant  of  all  the  actions  of  the  other 
particles  on  this  one  ;  m  its  mass  and  a  its  residtant  accelera- 
tion. Then  the  resultant  of  P  and  R  is  mi,  or  P,  R  and 
—  ma  will  be  in  equilibrium.  This  being  true  for  each 
particle,  the  whole  set  of  forces  P,  the  whole  set  of  forces  P, 
and  the  whole  set  of  reversed  effective  forces  are  in  equi- 
librium. If  then  the  set  of  forces  R  be  separately  in 
equilibrium,  it  follows  that  the  set  of  forces  P  would  be 
in  equilibrium  with  the  set  of  all  the  counter-effective,  or 
effective  forces. 

22.  The  student  must  bear  in  mind  that  the  reversed,  or 
counter-effective  forces  are  not  actually  existent  but  merely 
hypothetical  quantities  which,  if  introduced,  would  produce 
equilibrium.  Thus  every  problem  of  motion  is  reduced  to  one 
of  equilibrium  between  actual  and  hypothetical  forces. 

23.  We  are  now  able  to  write  down  the  equations  of 
motion  of  any  system  of  particles,  provided  we  know  the 
forces  which  act  on  each  of  them. 

Let  X,  y,  z  be  the  co-ordinates  of  any  particle  of  mass  m ; 

the  effective  forces  on  this  particle  parallel  to  the  axes  of 

(a" ic         cl  ij        di  z 
X,  y,  z  are  m  -^  ,  m  -^^ ,  an  -^  respectively. 

Consequently,  \imX,  ml",  ??i^ represent  the  components 
of  the  external  force  acting  on  the  same  particle  in  tlie  same 
directions,  the  system  of  forces 
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acting  at  (x,  y,  z) ;   and  similar  forces  acting  on  the  other 
particles  of  the  body  form  a  system  in  equilibrium. 

The   six  conditions  for  this  are  (Todhunter's  Analytical 
Statics,  Art.  73), 
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^-£)=0' 


where  the  symbol  ^  indicates  summation  for  all  the  different 
particles  of  the  body  considered,  and  will  therefore  in  the 
case  of  a  continuous  body  represent  a  process  of  integration. 

These  equations  can  be  written 


,m 


=  XmX ;    %m  —^  =  Sm  Y\  S»^  ^i  =  ^mZ. . . (1), 


df      '^        '    '^     df      ^        '  ^      c^i^ 
6?^^        d^v)       ^      ^      r    <f^aj         d^- 


^-^  dt        df\  '  1      dt'  dt'\  ' 


'^   \  df   y  de\    ^^■■•^-^^ 


where  L,  M,  N  represent  the   moments   of  the   impressed 
external  forces  round  the  axes  of  w,  y,  and  z  respectively. 

24.  The  solution  of  these  equations  can  only  be  at- 
tempted when  the  accelerations  of  the  separate  particles 
have  been  expressed  in  terms  of  the  six  quantities  by  which 
we  have  seen  that  the  motion  of  the  body  as  a  whole  is 
determined.  We  will  however  deduce  from  them  in  their 
present  shape  two  very  important  laws. 

(1)  The  equations  which  give  the  motion  of  the  centre  of 
inertia  of  any  body  or  system  of  bodies  are  the  same  as  if  the 
ivhole  mass  considered  were  collected  at  the  centre  of  inertia 
and  acted  on  there  by  forces  equal  and  parallel  to  all  those 
which  act  on  the  system. 

(2)  The  equations  xoMcli  give  the  motion  of  a  rigid  body 
relative  to  its  centre  of  inertia  are  the  same  as  if  the  latter 
were  a  fixed  j^oint. 

25.  In  order  to  prove  the  above  principles  let  us  suppose 
X,  y,  z  to  be  the  co-ordinates  of  the  centre  of  inertia  of  the 
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body  under  consideration.  Let  x ,  y\  z  be  the  co-ordinates 
of  the  particle  {x,  y,  z)  relative  to  axes  through  (a;,  y,  z) 
parallel  to  the  original  axes, 

hence  x  =  x-{-x,  y  =  y-\-y',  z  —  'z-\-z^ 

and  2w^  =  ^nnx  +  ^mx, 

=  X .  Xm  4-  %mx. 

But  xZ  (m)  =  Xmx  by  a  well-known  statical  theorem, 


therefore 

2,mx'  =  0. 

Similarly 

1.my  —  0,   %mz  =  0. 

Also 

Xm 

d^x     d^x  ^      ^     d^x 

df  ~  df  ■  ^™'  ^™  df 

=  0 

whence 

-^2  .  Xm  =  2mX, 

similarly 

-^f  .  2m  =  2m  F, 

and 

d  Z       ^                 ^         rr 

-7-2  .  :z,m  =  ZmZ, 

(3), 


(4), 


which  prove  the  first  principle. 

Also  the  first  of  equations  (2)  of  Art.  23  becomes 

^tm[{y-Vy)Z-{z  +  z')Y], 
which  by  means  of  the  results  in  (3)  and  (4)  easily  gives 

and  this  with  two  similar  equations  deduced  from  the  other 
two  of  (2)  in  Art.  23  gives  the  second  principle. 

26.     It  follows  from  equations  (4)  of  the  last  Article  that 
if  a  system  of  particles  be  acted  on  only  by  their  mutual 
actions   and  reactions,  the  centre  of  inertia  of  the  system 
either  is  at  rest  or  moves  uniformly  in  a  straight  line. 
A.  D.  2 
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For  in  this  case  XmX—  0,  '%mY=  0,  '%mZ=  0, 

therefore  -t72  =  0>       ^f^  =  ^»        1J2  —  0> 


c^f  ~    '          df 

dx 

dy     ■      dz 
dt~^'    dt 

where  a,  6,  c  are  constants.     Hence  the  velocity  of  the  centre 
of  inertia  is  constant  both  in  direction  and  magnitude. 

27.  In  the  case  of  finite  forces  the  equations  (1)  and  (2) 
of  Art.  23  cannot  be  integrated  directly. 

If  however  the  forces  acting  be  enormously  great  but 
only  act  for  an  exceedingly  short  interval  r,  so  that  the 
values  of  oc,  y,  z  may  be  supposed  to  remain  sensibly  un- 
altered during  the  time  r,  we  can  integrate  with  respect  to  i 
during  that  interval.  This  is  the  case  ordinarily  known  as 
that  of  impulsive  forces. 

28.  If  nnX  be  the  force  acting  on  any  particle  of  mass  m 

for   the   interval  r,  we   give   to   the    quantity  j   mXdt  the 

0 
name  of  impulse.     It  really  represents  the  whole  momentum 

which  would  be  produced  in  a  free  mass  m  by  the  force  X 

acting  for  an  interval  r.     We  shall  denote  this  by  the  symbol 

X',  and  similarly  r  mYdt,      mZdt  will  be  denoted  by  the 

•'0  ''0 

symbols  Y',  Z', 

Let  w,  v^  lu  be  the  velocities  of  the  particle  (x,  y,  z) 
parallel  to  the  axes  at  the  beginning  of  the  time  t  ;  u  ^  v\  w 
the  values  of  the  same  quantities  at  the  end  of  that 
interval. 


Therefore  I     ,  „  dt  =  ii  —  it, 

j,de 


^^^^dt=:V-V, 

^d'z  .  , 

-^r^  dt  =  iu  —w. 

0  d^ 
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"Whence  the  equations  (1)  and  (2)  when  integrated  give 

Xm  (u'  —  u)  =  SX',  1,171  (y'  —  v)  =  S  Y,  Sm  {w  —  w)  —  XZ\ 

Xm  {y  {w  —w)  —  z{v  —  v)}  =  ^  {Z'y  —  Yz)  \ 

tm  [z  K- w)  -x{w-w')]=^  t  [X'z-  Zx)  \  ...(1). 

tm{x{v  -v)-y\ii  -u)]=t{Yx-X'y)] 

If  u,  V,  w ;  u,  V,  w\  be  the  velocities  of  the  centre 
of  inertia  before  and  after  the  impulses,  we  easily  get  from 
(3)  of  Art.  25 

{u  —u)%  (m)  =  X  {m  (ii  —  u)], 

whence     (u  —  u)  Sm  =  XX' ,  (v  —  v)  2m  =  2  Y, 

{w-w)tm  =  XZ' (2). 

29.  We  may  notice  that,  whereas  in  the  case  of  finite 
forces  such  as  gravity,  the  symbol  2)  on  the  right-hand  side 
of  the  equations  usually  denotes  a  summation  of  an  indefi- 
nite number  of  indefinitely  small  terms,  in  other  words  an 
integration,  in  the  case  of  impulsive  forces  there  is  usually 
only  a  small  number  of  impulses  at  definite  points  to  be 
considered. 

We  may  farther  notice  that  all  finite  forces  may  be  left 
out  of  consideration  in  calculating  the  efi'ect  of  the  impulsive 

forces,  since  |    Fdt   will   be  indefinitely  small   unless  F  is 

indefinitely  large,  the  supposition  being  that  r  is  indefinitely 
small. 


EXAMPLES.     CHAPTER  II. 

1.  Apply  D'Alembert's  Principle  to  the  solution  of  the 
following  problems. 

(a)  A  heavy  chain,  flexible  and  inextensible,  homo- 
geneous and  smooth,  hangs  over  a  small  pulley  at  the  common 
vertex  of  two  smooth  inclined  planes ;  it  is  required  to  deter- 
mine the  motion  of  the  chain. 

2—2 


20  EXAMPLES.      CHAPTER  II. 

(/3)  A  straight  tube  of  small  bore  revolves  uniformly 
in  a  horizontal  plane  about  a  point  at  a  distance  (c)  from  it, 
and  has  a  smooth  chain  of  length  2a  within  it,  with  its 
middle  point  initially  at  rest  at  the  shortest  distance  from  the 
point.  Prove  that  the  space  described  along  the  tube  in  time 
i  is 

and  that  the  tension  at  any  point  of  the  chain  is  constant 
throughout  the  motion. 

(7)  A  smooth  cycloidal  tube  whose  axis  is  vertical  and 
vertex  upwards  contains  a  chain  equal  to  it  in  length ;  if  the 
equilibrium  of  the  chain  be  disturbed,  determine  the  velocity 
of  it  in  any  position. 

2.  A  person  standing  on  perfectly  smooth  ice  falls.  His 
feet  are  observed  to  come  rapidly  forward.  In  what  direction 
will  his  head  move  ? 

8.  What  is  the  effect  of  the  backwards  and  forwards 
motion  of  the  rowers  in  a  boat  respectively  ?  Explain  how  it 
is  that  by  bending  rapidly  forwards  and  then  slowly  backwards 
without  dipping  the  oars  a  slight  forward  motion  may  be 
given  to  the  boat. 

4.  A  rod  of  length  la  is  suspended  from  a  fixed  point  by 
a  string  of  length  I  attached  to  one  end;  if  the  string  and  rod 
revolve  about  the  vertical  with  uniform  angular  velocity, 
their  inclinations  to  the  vertical  being  Q  and  ^  respectively, 
prove  that 

3^  _  (4  tan  ^  —  3  tan  (^)  sin  <^ 

a         (tan  (j>  —  tan  6)  sin  d 
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ON  MOMENTS  AND   PEODUCTS   OF   INERTIA. 

30.  We  have  now  obtained  equations  which  completely 
determine  the  motion  of  a  rigid  body  under  the  action  of 
any  forces.  It  remains  to  exhibit  the  methods  of  solving 
these  equations  in  different  cases. 

The  most  simple  case  of  motion  conceivable,  if  we  except 
that  of  parallel  and  equal  translation  of  all  the  particles 
of  the  body,  the  solution  of  which  only  entails  by  Art.  25,  the 
discussion  of  the  motion  of  their  centre  of  inertia,  is  that  of 
rotation  round  a  fixed  axis. 

If  we  take  this  axis  as  axis  of  ^,  and  if  to  be  the  angular 
velocity  round  it  at  any  instant,  we  have  for  the  velocities  of 
any  particle  {oc,  y,  z)  parallel  to  the  co-ordinate  axes 

—  y(o,  xw,  0 

respectively  ((8),  Art.  7,  or  see  Art.  2). 

The  accelerations  in  the  same  directions  respectively  can 
be  obtained  by  differentiating  these  velocities  with  respect  to  t, 
and  are  therefore 

d(D         dii        d(o         dx    ^ 

doc  dn 

or,  substitutinsf  the  above  values  for  -y-  and  -^  , 
"^  dt  dt 

day  „         day  „  r, 

d^oT    d^  II    dj^z 
If  these  values  be  substituted  for  -y^ ,  -,"'-,  -^rr,  , 

df    df    dt' 


,(1). 
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in  equations  (2)  of  Art.  (23),  we  obtain 

—  Xmzx .  —J-  +  'l.myz  .a>^  =  L 

—  %myz  .  -^ 'Zmzx  .co^  =  2I 

2m  (of  +  y^)-Ti  =JSf 

The  quantities  co  and  -j-  are  the  same  for  all  the  particles 

of  the  body  and  may  be  taken  outside  the  sign  of  summation. 
We  see  that  in  this  case  it  is  necessary,  before  proceeding  to 
the  actual  solution  of  the  dynamical  problem,  to  ascertain  the 
values  of  the  quantities  Xm  (oc^  +  if),  Smyz,  Xmzx. 

In  other  problems  we  shall  meet  with  the  similar  quan- 
tities '^mxy,  2m  (y^  +  /),  2m  {z^  +  ^^),  and  the  values  of 
these  six  sums  must  be  known  in  order  to  enable  us  to  de- 
termine completely  the  motion  of  the  body. 

31.     The  three  quantities, 

tm  (y'  +  z'),  tm  [z^  +  x^),  tm  [x'  +  y^), 

are  called  the  moments  of  inertia  of  the  body  round  the  axes 
of  a?,  y  and  z  respectively. 

The  three  quantities  %myz,  '%mzx,  't.mxy  are  called  the 
products  of  inertia  with  respect  to  the  same  axes. 

The  quantities  Xmx',  Smy^,  %7nz^  are  sometimes  called  the 
moments  of  inertia  of  the  body  with  respect  to  the  planes  of 
yz,  zx,  and  xy  respectively. 

The  moment  of  inertia  of  a  body  round  any  axis  may  be 
defined  as  the  sum  of  the  products  of  the  mass  of  each 
particle  of  the  body  into  the  square  of  the  distance  of 
that  particle  from  the  axis. 

The  moment  of  inertia  of  a  body  with  respect  to  any 
plane  is  the  sum  of  the  products  of  the  mass  of  each  particle 
into  the  square  of  its  distance  from  that  plane. 
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32.  The  moments  of  inertia  of  a  given  body  round  any 
two  parallel  axes  or  with  respect  to  any  two  parallel  planes 
are  connected  by  a  simple  relation. 

Let  X,  y,  z  be  the  co-ordinates  of  the  particle  of  mass  m 
with  respect  to  the  original  axes.  Let  x,  y,  z  be  the 
co-ordinates  of  G  the  centre  of  inertia  of  the  whole  mass,  and 
X  ,  y\  z  the  co-ordinates  of  m  with  reference  to  axes  through 
G  parallel  to  the  original  axes. 

Then  x  =  x+x\  y  =  y  +  y\  z  —  z  +  z . 

Therefore  tm(y^+z'')  =  Xm  {y  -h  y'f  +  Sm  {z  +  z'f 

=  {f  +  z")  tm  +  2y  tmy'  +  2z  tmz  +  tm  (y"+s'') 

=  {Tf  +  z')tm  +  tm(y''+z'^), 

since   Xmy  =  0,  %mz  =  0  by  the   properties   of  the   centre 
of  inertia. 

That  is,  the  moment  of  inertia  about  the  axis  of  z  is  equal 
to  the  moment  of  inertia  about  a  parallel  axis  through 
the  centre  of  inertia  added  to  the  product  of  the  whole  mass 
into  the  square  of  the  distance  between  the  two  axes. 


Similarly  we  find  that 

Smx^  =  x^ .  2)m  -|-  S'j 
Xmyz  =yz.  Xm  +  Xmyz. 


'2 

.mx  , 


33.  If  therefore  the  moments  and  products  of  inertia  of  a 
body  with  reference  to  any  axes  through  its  centre  of  inertia 
be  known,  those  with  reference  to  any  parallel  axes  can 
be  determined. 

X        11        z 

34.  If  -  =  —  =  -  (1)  be  the  equations  of  any  straight  line 

\         fJb  V 

through  the  origin,  the  square  of  the  perpendicular  from  the 
point  (x,  y,  z)  on  this  line  is  known  to  be  equal  to 

■rM  t/Vl  z'      (^^  + /^3/ +  ^•^)' 
^  +2/  +^  V  +  z^^  +  z.--^     ' 

which,  if  X,  fx,  v  be  assumed  to  be  the  direction-cosines  of  (1) 
so  that  \^  -f-  yu-^  +  i/^  =  1,  can  be  written 

X'  [f  -f  z")  +  ^'  {z"  +  x^)  -f-  v\  x"  +  f)  -  ^fivyz  -  2v\zx  -  2\fMxy. 
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Hence,  if  I  denote  the  moment  of  inertia  of  the  body 
about  the  line  (1), 

—  2/jLv  %myz  —  2v\  ^mzx  —  2Xjjb  ^mxy 

=  A\^  +  Bfi''+  Cp''-2A'ixv-2B'v\~2C'\fi  (2), 

if  A,  B,  G  be  the  moments  of  inertia  and  A',  B\  C  the 
products  of  inertia  of  the  body  with  reference  to  the  axes  of 
co-ordinates. 

35.  The  expression  for  I  is  susceptible  of  a  very  simple 
geometrical  interpretation.     Let  the  quadric  whose  equation 

is  Ax"  +  By''  +  Cz^.  -  2A'yz  -  2B'zx  -  2  C'xy  =  6^ .  .(3) 

be  constructed.  Then,  if  r  be  the  central  radius  of  this 
quadric  in  the  direction  of  the  line  (1)  of  the  last  Article, 

(AX'  +  Bfji''  +  Cv''  -  2A'fjLv  -  2B'v\  -  2  CXfj)  r''  =  e^ 
therefore  1=—^. 

That  is  the  moment  of  inertia  of  the  body  round  any  axis 
through  the  origin  is  inversely  proportional  to  the  square  of 
the  radius  of  (3)  in  the  direction  of  that  axis. 

Since  the  moment  of  inertia  round  every  axis  must  be  a 
positive  quantity  it  follows  that  r^  can  never  become  negative 
or  infinite.  Hence  the  quadric  (3)  must  be  an  ellipsoid.  It 
is  usually  called  the  momental  ellipsoid  of  the  body  with 
reference  to  the  given  origin. 

86.  We  know  (Solid  Geometry,  Arts.  51,  85),  that  the 
equation  of  the  quadric  can  be  reduced  by  transformation  of 
co-ordinates  so  as  to  assume  the  form 

Px^+Qy^+Rz'=e'' (4), 

where  P,  Q,  R  are  the  roots  of  the  cubic  equation 

{s-A){s-B)  {s  -  C)  -A''  {s-A)  -B"  {s-  B)  -  C  (s  -  C) 

■\-2A'B'C'=0 (5). 

If  the  equation  of  the  momental  ellipsoid  were  originally 
calculated  with  reference  to  these  new  axes,  the  coefficients 
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of  c^y  y^  and  z^  would  have  been  the  moments  of  inertia  round 
the  axes  of  x,  y,  z,  and  the  coefficients  of  yz,  zx,  xy  would  be 
the  products  of  inertia  with  reference  to  the  same  axes. 

Hence  the  new  set  of  axes  have  this  property,  that  the 
products  of  inertia  of  the  body  with  reference  to  them,  all 
vanish:  and  we  see  that  at  every  point  of  a  body  there  must 
be  a  set  of  axes  for  which  this  condition  is  satisfied. 

These  axes  are  called  the  principal  axes  of  the  body  at 
the  given  point.  Their  directions  can  be  determined  by 
equations  (3)  of  Art.  83  of  the  author's  Solid  Geometry,  merely 
altering  the  signs  of  A\  B,  and  C.  The  moments  of  inertia 
round  these  axes,  which  are  called  the  j:)ri/iczpa^  moments  of 
inertia  for  the  origin,  are  the  roots  of  equation  (5)  above. 

If  the  values  of  P,  Q,  R  be  equal,  the  momental  ellipsoid 
becomes  a  sphere.  Hence  since  the  form  of  its  equation  is 
unaltered  by  any  rotation  of  the  axes,  all  axes  through  the 
given  point  are  principal  axes,  and  the  products  of  inertia 
will  vanish  with  respect  to  any  such  axes  whatever. 

37.  If  P,  Q,  B  be  the  principal  moments  of  inertia  of 
the  body  at  the  centre  of  inertia,  the  moments  and  products 
of  inertia  with  reference  to  parallel  axes  through  any  point 
(a,  /9,  7)  will  be  by  Art.  32, 

F+  M {P'  +  7^,  Q^^I  (7' ■\-oi'),R+M (a'  +  /3'1 

M/Sy,  Myi,  Map, 

where  M  denotes  what  we  have  previously  denoted  by  Xm, 
the  mass  of  the  whole  body  considered.  The  x,  y,  z  of  Art. 
32  are  replaced  by  —  a,  —  ^8,  —  7  respectively. 

Hence  the  equation  of  the  momental  ellipsoid  for  the 
point  (a,  P,  7)  is 

{P+  M (/3^  +  7^}  ^^  +  { Q  +  Mirf  +  e)\f  +  {P  +  J/ (a^  +  /3-01  z' 

-  2MPyyz  -  2My2Zx  -  2Moij3xy  =  6* (6). 

Hence  the  new  axes  are  not  principal  axes  at  the  new 
origin  unless  two  of  the  three  quantities  a,  P,  7  vanish. 
The  directions  of  the  principal  axes  of  (6)  can  however  be 
ascertained  by  the  ordinary  methods  of  Solid  Geometry. 
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38.  A  given  set  of  co-ordinate  axes  will  only  be  the 
principal  axes  at  the  origin  when  all  three  of  the  quantities 
%myz^  Xmzx,  ^mxy  vanish.  If  however  two  of  these  quanti- 
ties, as  Smyz,  %mzx,  vanish,  one  of  the  co-ordinate  axes,  in 
this  case  that  of  z,  will  be  a  principal  axis.  For  the  equation 
of  the  momental  ellipsoid  becomes 

Ax'^  -f  By^  4-  Cz''  -  IG'xy  =  e\ 

and  by  turning  the  axes  of  x,  y  through  an  angle  6  de- 
termined from  the  equation 

tan  26  =  -: ^ , 

A  -B' 

the  term  involving  xy  can  be  made  to  disappear  and  the  equa- 
tion reduced  to  the  form 

Px''  +  Qy^  +  Cz'  =  e\ 

From  this  it  is  obvious  that  if  any  plane  divide  the  body 
symmetrically,  any  line  perpendicular  to  this  plane  is  a 
principal  axis  at  the  point  where  it  cuts  the  plane.  For  if 
the  origin  be  transferred  to  this  point  and  the  plane  be  taken 
as  plane  of  xy,  for  every  particle  m  with  co-ordinates  x,  y,  z 
there  is  an  equal  particle  m  with  co-ordinates  x,  y,  —  z. 
Hence  'Xmzx  and  '%myz  both  vanish. 

39.  It  is  easy  to  deduce  the  condition  that  a  given  line 
may  be  a  principal  axis  at  some  point  of  its  length. 

Take  the  given  line  as  axis  of  z  and  let  the  origin  be 
transferred  to  a  distance  h  along  it.  The  values  of  the 
products  of  inertia  with  reference  to  the  new  origin  are 

Xmy  {z  —  li),  Sm  {z  —  h)  x,  Xmxy. 

If  the  axis  of  s  be  a  principal  axis  at  the  new  origin,  the 
former  two  of  these  must  vanish, 

therefore  ^myz  —  Jitmy,  '%mzx  =  htmx, 

=  hyXm  =  hxSm, 

if  X,  y  be  co-ordinates  of  the  centre  of  inertia. 

Hence  no  value  of  h  will  satisfy  these  conditions  unless 

^myz  _  ^mzx 
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It  is  evident  that  if  x,  y  both  vanish  and  ^myz,  Smzx 
vanish  also,  the  required  conditions  are  satisfied  by  all  values 
of  h.  Hence  a  line  through  the  centre  of  inertia  which  is  a 
principal  axis  at  any  one  point  is  a  principal  axis  at  all  points 
through  which  it  passes.  This  result  can  also  be  deduced 
from  equation  (6)  of  Art.  37. 

40.  We  have  frequently  to  calculate  the  moments  of 
jnertia  of  bodies  in  the  form  of  a  plane  lamina.  If  the  plane 
of  the  lamina  be  taken  as  plane  of  ocy,  since  the  value  of  z 
will  be  zero  for  every  point  of  the  lamina,  l^myz  and  ^mzx 
will  vanish.  Hence  one  principal  axis  is  always  at  right 
angles  to  the  plane  of  the  lamina. 

If  Ay  B  be  the  moments  of  inertia  about  any  two  axes  at 
right  angles  in  the  plane,  and  G  that  about  the  axis  perpen- 
dicular to  it, 

A  =  Xmy'^,  B  =  ^mx^,  G  =  2m  [x^  +  y"^), 

whence  G  =  A  -\-  B. 

41.  We  have  now  to  determine  the  moments  of  inertia 
in  a  few  simple  cases. 

A  uniform  sU^aight  rod  about  an  axis  through  its  extre- 
mity perpendicular  to  its  length. 

Let  AB  ho,  the  rod  whose  length  is  a  and  mass  is  M,  fju 
the  mass  of  a  unit  of  length,  FQ  any  element  of  the  rod, 

^' rn ^ 

AP=x,  PQ=  ^x.     Then  the  moment  of  inertia  of  the  rod 
about  any  axis  through  A  perpendicular  to  AB 

—  S  {/JiSx  .  x^] 

=    j      fMX^dx 
J  0 

This  will  also  give  the  moment  of  inertia  of  a  rod  of 
mass  M  and  length  2a,  about  an  axis  through  its  middle  point 
perpendicular  to  its  length. 
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42.     A  rectangle  about  one  side. 

Let  ABCD  be  the  rectangle  whose  length  AB  is  a.     If 

we  divide  the  rectangle  into  an  indefinitely  large  number  of 

indefinitely  small  strips  parallel  to  AB,  the  moment  of  inertia   1 

of  each  strip  round  A  D  will  be  equal  to  the  mass  of  the  strip 

aj" 
multiplied  by  -x- .     Hence  if  M  be  the  mass  of  the  whole 

o 

rectangle,  the  moment  of  inertia  of  the  rectangle  =  ilf .  -^  .         i 


A 


If  AD  =  h,  the  moment  of  inertia  of  the  rectangle  round 
AB  is  similarly  =M.  -5-. 

Hence  by  Art.  40  the  moment  of  inertia  of  the  rectangle 
about  an  axis  through  A  perpendicular  to  the  plane 

m       ^      . 

43.     The  moment  of  inertia  of  a  rectangular  parallelepiped 

whose  edges  are  a,  h,  c  round  the  edge  c  is  ilf .  — ^r —  .     For 

the  parallelepiped  can  be  divided  into  any  number  of  thin 
strips  by  planes  perpendicidar  to  c,  the  moment  of  inertia  of 
each  of  which  round  c  is,  by  the  last  Article,  equal  to  its 
a'  +  h' 


i 


mass  X 


3 

i 


\ 


44.  The  moment  of  inertia  of  a  circular  ring  whose 
radius  is  a,  round  an  axis  through  its  centre  perpendicular  to 
its  plane  is  evidently  M .  d\     Hence,  since  the  moments  of 
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inertia  round  all  diameters  must  be  the  same,  by  Art.  40  it 
follows  that  the  moment  of  inertia  about  a  diameter  is  half 

the  above,  or  M ,  —  . 

45.  A  circular  area  of  radius  a  can  be  divided  into  a 
number  of  concentric  rings.  The  area  of  one  of  these  may  be  J,^,^^ 
taken  as  27rrSr,  and  if  yu,  be  the  mass  of  a  unit  of  area,  the 
moment  of  inertia  of  this  ring  round  an  axis  through  the 
centre  perpendicular  to  its  plane  is  ^irfjurhr .  r\  Hence  the 
moment  of  inertia  of  the  circtdar  plate 


J  n 


r^dr 

0 


1  i  Tir    <^^ 

=  -^'7rfia  =M.-^, 

where  M  is  the  mass  of  the  plate. 

Hence   as   in   Art.   44  the   moment  of  inertia  about  a 

diameter  is  half  the  above,  or  M.  -r  . 

4 

4G.     A  triangular  area  about  its  base. 


By  dividing  the  area  into  strips  parallel  to  the  base  it  is 
easily  seen  that  the  moment  of  inertia 
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where  h  is  the  altitude,  c  the  base  of  the  triangle,  and  z  the 
distance  of  any  strip  from  the  base.     This  equals 


The  moment  of  inertia  of  ABC  round  any  line  through 
A,  as  AF,  is  similarly  -^fi.AF{Ji"^  +  7^^),  where  h  and  h'  are 
the  perpendiculars  from  G  and  B  on  AF. 

But  this    =  -jL  fj,AF  Qi  +  /i')  [h^  -  Tih'  +  h") 

This  result  is  the  same  as  the  moment  of  inertia  round 

M 

AF  of  three  equal  particles  each  of  mass  -^  ,  placed  at  the 

middle  points  of  AC,  AB  and  ^(7  respectively. 

Since  the  centre  of  inertia  of  these  particles  coincides 
■with  that  of  the  triangle  and  the  sum  of  their  masses  is  the 
same  as  that  of  the  triangle,  it  follows  by  Art.  32  that  the 
moments  of  inertia  of  the  two  systems  round  any  axis  parallel 
to  AF,  that  is  round  any  axis  lying  in  the  plane  of  the  tri- 
angle, are  equal.  By  Arts.  40  and  34  it  follows  that  the  result 
is  true  for  any  axis  whatever,  and  farther  that  the  products  of 
inertia  of  the  two  systems  with  respect  to  all  axes  are  equal. 

47.  The  moment  of  inertia  of  a  sphere  about  a  diameter 
can  be  determined  by  dividing  the  sphere  into  slices  by 
planes  perpendicular  to  the  diameter.  The  moment  of  inertia 
of  one  of  these  slices  round  the  required  axis  by  Art.  45 
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2  2 

a  —  X 


=  /ATT  {(Jb'  —  x"')  dx  — ^ — ,  where  a  is  the  radius  of  the  sphere, 

X  the  distance  of  the  slice  from  the  centre,  and  //.  the  mass  of 
a  unit  of  volume.  Hence  the  whole  moment  of  inertia 
required 

=  I  /LtTT  I      (a^  —  cc^y  dx 

J  —a 

2aV     x''^^" 


=  i  /XTT 


a'x ^  +  ^ 


48.  The  moment  of  inertia  of  a  spherical  shell  round  a 
diameter  can  be  obtained  independently  by  integration.  It 
may  also  be  obtained  from  the  formula  of  the  last  Article. 

The  moment  of  inertia  of  a  sphere  of  radius  a  =   ^  ^     , 

that  of  a  sphere  of  radius  a  +  Ba  round  the  same  diameter 
will  be  — — ^~ .  The  difference  of  these,  which  neg- 
lecting  squares  and  higher  powers  of  Sa  is  ^ — ,  will 

be  the  moment  of  inertia  of  the  shell  of  thickness  Ba.  Since 
the  mass  of  the  shell  is  ^jMira^Ba,  this  result  can  be  expressed  in 

the  form  M.  -^ . 
o 

49.  The  foregoing  examples  are  sufficient  to  indicate 
the  method  of  calculating  moments  of  inertia.  Products  of 
inertia  can  be  similarly  calculated,  but  their  determination 
will  usually  involve  a  double  integration.  Inasmuch  however 
as  whenever  it  is  possible  we  employ  principal  axes  we  do  not 
very  frequently  have  occasion  for  the  values  of  the  products  of 
inertia. 

50.  We  may  notice  that  in  all  cases  the  moment  of 
inertia  has  been  expressed  in  the  form  Mk^,  that  is,  as 
the  product  of  two  factors,  one  being  the  whole  mass  and  the 
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other  an  expression  of  two  dimensions.  The  square  root  of 
the  second  factor,  or  k,  is  called  the  radius  of  gyration  of  the 
body  about  the  given  axis.  It  is  in  fact  the  distance  from  the 
axis  of  a  particle  whose  mass  and  moment  of  inertia  round 
the  axis  are  equal  to  those  of  the  given  body. 


EXAMPLES.     CHAPTER  III. 

1.  Find  the  product  of  inertia  of  a  uniform  right-angled 
triangle  about  the  two  sides  containing  the  right  angle. 

2.  Find  the  moments  of  inertia  of  a  uniform  ellipse  (1) 
about  either  of  its  axes  :  (2)  about  a  line  through  its  centre 
perpendicular  to  its  plane. 

8.  Shew  that  the  moment  of  inertia  of  the  lemniscate 
r^  =  oj^  cos  2^  about  a  line  in  its  plane,  through  its  node 
and  perpendicular  to  its  axis  is 

^^     48         • 

4.  Find  the  moments  of  inertia 

(1)  Of  a  portion  of  the  arc  of  an  equiangular  spiral 
about  a  line  through  its  pole  perpendicular  to  its  plane. 

(2)  Of  a  parabolic  area  bounded  by  the  latus  rectum 
about  the  line  joining  its  vertex  to  the  extremity  of  its  latus 
rectum. 

(3)  Of  a  uniform  ellipsoid  about  a  principal  axis. 

5.  Shew  that  the  moment  of  inertia  of  a  regular  polygonal 
lamina  about  an  axis  in  its  plane  through  its  centre  is 

i/.— .|l-|-3cot^-] 
48    [  n] 

a  being  the  length  of  a  side. 

6.  The  momental  ellipse  for  a  uniform  triangular  lamina 
is  similar  and  similarly  situated  to  the  minimum  ellipse 
circumscribed  about  the  lamina. 
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7.  Find  the  moment  of  inertia  of  a  riglit  circular  cone 
whose  height  is  h  and  semi-vertical  angle  a,  (1)  about  its  axis  ; 

(2)  about  a  line  through  its  vertex  perpendicular  to  the  axis ; 

(3)  about  a  slant  side. 

8.  Find  the  moment  of  inertia  of  a  right  circular  cone 
about  a  generating  line,  the  density  of  any  circular  section 
varying  as  its  distance  from  the  vertex. 

9.  The  axes  of  an  ellipsoid  are  2a,  26,  2c,  its  density  at  a 
point  whose  distances  from  the  principal  planes  are  x^  y,  z  is 

xyz 

abc  ' 

find  its  moment  of  inertia  about  one  of  the  principal  axes. 

10.  Find  the  moment  of  inertia  of  the  area  of  the  curve 
r  =  a  (1  +  cos  6)  about  the  initial  line. 

11.  Find  the  moment  of  inertia  of  the  solid 

{x'  +  if  +  z'  -axy  =  a'  (x'  +  f  +  z') 
about  the  axis  of  x. 

Find  also  the  moment  of  inertia  of  the  surface  of  this 
solid  about  the  same  axis. 

12.  Shew  that  the  moment  of  inertia  of  a  triangular 
lamina  with  respect  to  any  plane  is  the  same  as  that  of  three 
equal  particles,  each  one-third  the  mass  of  the  triangle, 
placed  at  the  middle  points  of  the  sides,  with  respect  to  the 
same  plane. 

13.  Shew  that  the  moment  of  inertia  of  a  uniform 
tetrahedron  with  respect  to  any  j^lane  through  one  of 
its  angular  points,  is  the  same  as  that  of  a  system  of 
five  23articles,  one  placed  at  each  angular  point  of  the  tetra- 
hedron, each  of  mass  one-twentieth  that  of  the  tetrahedron, 
and  one  of  four-fifths  the  mass  of  the  tetrahedron  placed  at 
its  centre  of  inertia,  with  respect  to  the  same  plane. 

14.  Prove  that  the  result  of  the  last  question  holds  with 
respect  to  the  moments  and  products  of  inertia  of  the  tetra- 
hedron with  respect  to  all  axes  whatever. 

A.  D.  3 
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15.  If  any  edge  of  a  uniform  tetrahedron  be  a  principal 
axis,  so  also  is  the  opposite  edge,  and  the  point  on  either 
edge  at  which  it  is  a  principal  axis  will  divide  the  distance 
between  the  middle  point  and  the  foot  of  the  shortest 
distance  between  the  edges  in  the  ratio  3  :  2. 

16.  If  M  be  the  mass  of  a  tetrahedron,  Q^  its  moment  of 
inertia  about  any  axis  through  its  centre  of  gravity,  Q^  that  of 
the    octahedron   formed    by  joining   the    middle   points   of 

its  edges,  prove  that  Q^  =  ^  Q^-{-  the  moment  of  inertia  of  a 

M 

system  of  four  particles,  each  of  mass  — ,  placed  one  at  each 

vertex. 

17.  Find  the  principal  axes  of  a  right  cone,  a  point  on 
the  circumference  of  the  base  being  the  origin ;  and  shew  that 
one  of  them  will  pass  through  the  centre  of  gravity  if 
the  angle  of  the  cone  be  2  tan"^|. 

18.  Shew  that  two  of  the  principal  moments  of  inertia 
with  respect  to  a  point  in  a  rigid  body  cannot  be  equal  unless     | 
two   are    equal    with  respect  to  the  centre  of  gravity,  and 
the  point  situated  on  the  axis  of  unequal  moment. 

19.  If  the  principal  axes  at  the  centre  of  gravity  be 
taken  as  the  axes  of  co-ordinates,  shew  that  the  locus 
of  points  at  which  the  sum  of  the  squares  of  the  three 
principal  moments  of  inertia  =  K^  is  the  surface 

[x'  ■\-  f  +zy  +  {B  +  C)  x""  +  {C+  A)  f  +  [A+  B)  z^ 

2 

20.  On  a  straight  cylindrical  rod  of  known  length, 
circular  in  section  and  uniform  in  density,  are  three  anchor 
rings,  A^  B,  C,  different  in  mass  and  closely  fitted  to  the  rod. 
The  position  of  A  being  unaltered,  prove  that  the  order 
of  the  rings  maybe  changed  to  Jl,  0,  ^  so  as  not  to  affect  the 
centre  of  gravity  of  the  system  of  rings  and  rod,  nor  the 
principal  moments  of  inertia  of  the  system  at  its  centre 
of  gravity,  nor  the  distance  between  B  and  C. 
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21.  Find  tlie  product  of  inertia  of  the  eighth  part  of  an 
elUpsoid,  cut  off  by  the  principal  planes,  with  lespeQt  to  the 
axes  of  X  and  y. 

22.  If  a  body  be  referred  to  principal  axes  through 
its  centre  of  gravity,  and  il/a^  Ji6^  M&  be  the  moments 
of  inertia  with  respect  to  them,  shew  that  the  moments 
of  inertia  with  respect  to  principal  axes  at  a  point  (a,  ^,  y)  will 
be  given  by  M  (r^  +  a^  +  ^^  +  7^),  where  r^  is  given  by 
the  cubic 

(^2  ^  0^2  _  ^2^   (^-2  _j_  ^2  _  ^2^   (^2  ^  ^2  _  ^2^  _  ^^2  _j_  ^2  _  ^2J  ^2^2 

-  (r^  +  /3^  -  ¥)  y'a'  -  (r^  +  7=^  -  c')  a'fi'  +  2a^/3y  =  0. 


3—2 


CHAPTER   IV. 

MOTION   ROUND   A   FIXED   AXIS. 

51.  The  motion  of  a  body  may  be  absolutely  free,  or  it 
may  be  restricted  by  having  one  point  fixed,  or  two  points 
fixed.  If  three  points  be  fixed,  the  body  must  be  at  rest. 
We  shall  first  consider  the  motion  when  two  points  are  fixed. 
It  is  evident  that  the  motion  is  one  of  rotation  about  the  line 
joining  these  two  points. 

52.  Let  us  take  one  of  the  fixed  points  as  origin  and  the 
straight  line  joining  them  as  axis  of  z,  and  let  the  distance 
between  them  be  c.  We  may  assume  that  the  fixed  points 
exercise  pressures  on  the  body  whose  resolved  parts  parallel 
to  the  co-ordinate  axes  at  any  instant  are  respectively  F,  G,  H\ 
F' ,  G'j  H'.     As  in  Art.  30,  we  have  for  the  values  of 

d^x      d'^y         d^z 
df    ~^df  df' 

.,  dco  c,       dco  „  ^ 

to  write  ~y  ~Jt —  ^^  '  ^  ~Ai  ~  y    ' 

respectively. 

With  these  substitutions  the  equations  (1)  and  (2)  of  Art. 
23  become 

-^my.^'f-tmx.oi'=tmX^F^F'    ..(1) 


dt 

day 
dt 


%mx.^-Xmi/.co'  =  XmY+  G+G'  (2) 

0  =  tmZ -\- II  +  ir  (3) 
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—  I^mzx .  -^  +  Xmyzai^  =  Xm  {Zy  —  Yz)  —  G'c  ...  (4) 

—  l^myz  .  ^-  —  ^mzxco^  =  2m(Z^  —  Zx)  +  Fc  ...  (5) 

%m  [x^  +  2/^)  •  "77  =  S^^  (Yx  —  Xy)  (6) 

where  the  symbol  ^  on  the  right-hand  side  indicates  a  sum- 
mation with  respect  to  all  the  other  external  forces  acting 
on  the  body  beside  the  restraint  of  the  axis. 

Equation  (6)  is  sufficient  to  determine  «,  if  ^m  [Yx  —  Xy) 
be  given;  equations  (1)  and  (5)  will  then  determine  F 
and  F\  and  equations  (2)  and  (4)  will  give  G  and  G\ 
Equation  (8)  gives  us  H  +  H\  the  separate  values  of  H  and  H' 
being  indeterminate,  an  obvious  consequence  of  the  principle 
of  the  transmissibility  of  force. 

58.  The  most  important  particular  case  is  that  of 
rotation  about  a  horizontal  axis  under  the  action  of  gravity. 

We  may  take  the  axis  of  x  to  be  vertical,  and  x,  Jj,  z 
as  the  co-ordinates  of  the  centre  of  inertia  of  the  body.  If  6 
be  the  angle  which  the  plane  containing  the  centre  of  inertia 
and  the  axis  of  z  makes  with  the  plane  of  zx^ 

_d0    dco_d'0 
'^~  dt'  Tt'^de' 

Also  X  =  g,  Y=  0,  Z  =0,if  g  be  the  force  of  gravity  per 
unit  of  mass.     Let  M  be  the  whole  mass  of  the  body. 

The  six  equations  of  the  last  article  become 
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-tmzx^,+Xmyz[j^j   =-Gc 

tm  {x' +  y') -^,  =  -  3Igy. 

54.  Let  h  be  the  distance  of  the  centre  of  inertia  from 
the  axis  of  rotation,  and  k  the  radius  of  gyration  (Art.  50) 
round  an  axis  through  the  centre  of  inertia  parallel  to 
this  line,  the  moment  of  inertia  about  the  axis  of  z,  or 
tm  {x^  +  2/'),  is  therefore  M¥  +  l/A'  (Art.  32).  Also  y  =  hsm  6. 

The  last  equation  of  Art.  52  becomes 

M  {It' +  k')^  =  -Mgh  sine, 

d~6             ah         .     ^  /i\ 

a!7  =  -F+F-™^ ^^)- 

This  is  the  equation  which  determines  the  motion  of  a 

h^  +  k^ 
heavy  particle  suspended  by  a  string  of  length  — r —  .     This 

latter  quantity  is  often  called  the  length  of  the  simple  equivalent 
pendulum.  The  time  of  a  small  oscillation  of  such  a  pendulum 
of  length  I  is  shown  in  treatises  on  Dynamics  of  a  particle 

to  be  27r  A  /  -  ,  or  in  this  case  27r 


9'  ^      gh    ' 

By  integrating  (1)  we  easily  obtain 

(Sh'^m--^' ^\ 

where    (7   is  a  constant  to  be  determined  from  the  initial 
circumstances  of  the  motion. 

From  (1)  and  (2)  we  can  substitute  the  values  of  ^  and 

/dB\'^ 

[-T-)    in  the  equations  of  the  last  Article,  and  obtain  the 

values  of  F,  F\  G,  Q' ,  H+IF, 
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56.  If  the  origin  be  taken  as  the  point  where  the 
perpendicular  from  the  centre  of  inertia  meets  the  axis  of 
rotation,  z  =  0.  If  also  the  axis  of  rotation  be  a  principal 
axis  at  this  point,  '^myz  =  0,  ^mzx  =  0.  This  will  be  the 
case  (Art.  38)  if  the  plane  through  the  centre  of  inertia 
perpendicular  to  the  axis  divides  the  body  symmetrically. 

The  equations  of  Art.  53  then  give  F'  =  0,  G'  =  0, 
-F  =  Mg-\-  Mil  cos  0  r,A  +  Mh  sin  6  ^j-, 


,2 


=  %  +  MGh  cos  6  +  T^^  (2  cos^  d  -  sin^  6), 


-G  =  Mh  sin  e  (^£\   -  Mh  cos  e  ^ 


2 


=  MCh  sin  6  +  ]:^-^o  sin  6  cos  6, 

It    -\-  hi" 

whence  —  F  and  —  G  which  represent  the  resolved  pressures 
of  the  body  on  the  axis  are  known.    The  whole  pressure  is  of 

course  JF"^  +  G^l 

oQ,  In  the  case  we  have  now  assumed  let  0  be  the 
origin,  G  the  centre  of  inertia,  and  OG  consequently  perpen- 
dicular to  the  axis  of  rotation.     Produce  OG  to  0'  so  that 


O  G  O' 


00'  is  the  length  of  the  simple  equivalent  pendulum.  The 
point  0'  is  called  the  centre  of  oscillation.  A  heavy  particle 
placed  at  0'  and  connected  with  0  by  a  weightless  wire 
would  oscillate  round  0  just  as  the  body  does. 

We  have  then  00'  =  — y — 

=  /t  +  --  , 
lb 

whence  00'  —  h  or  0'G  = 


OG' 
or  OG.O'G  =  h\ 


40 
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This  relation  is  perfectly  symmetrical  with  respect  to  0 
and  0'.  Hence  if  the  body  be  suspended  from  0',  0  will  be 
the  centre  of  oscillation,  and  the  times  of  oscillation  will  be 
the  same  whether  the  body  be  suspended  from  0  or  0'. 

57.  This  property  of  the  convertibility  of  the  centres  of 
suspension  and  oscillation  is  used  to  determine  the  length  of 
the  simple  pendulum  which  will  oscillate  in  a  given  time. 


A  heavy  and  tolerably  uniform  bar  of  metal  is  pierced 
with  two  holes,  A  and  B,  chosen  so  that  they  shall  be  as 
nearly  as  possible  centres  of  suspension  and  oscillation  to  one 
another.  C,  C,  are  heavy  screws,  by  moving  which  in  or 
out  the  centre  of  inertia  of  the  body,  and  its  moment  of 
inertia  round  an  axis  through  that  point  can  be  slightly 
altered. 


The  bar  is  then  suspended  so  that  the  upper  end  of  the 
hole  A  rests  on  a  knife-edge  support,  and  being  made  to 
oscillate,  the  time  of  oscillation  is  compared  with  that  of  the 
pendulum  of  a  clock  beating  in  a  known  time.  The  time  of 
oscillation  when  suspended  from  B  is  then  similarly  observed. 
If  these  two  times  are  identical,  the  measurement  of  AB 
gives  the  length  of  the  simple  pendulum  oscillating  in  that 
time.     If  the  times  are  ditferent,  a  suitable  adjustment  of 
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the  screws  (7,  C,  will  bring  them  gradually  nearer,  until 
finally,  when  they  coincide,  AB  can  be  measured.  When  the 
length  of  the  simple  pendulum  for  any  one  time  is  determined, 
that  for  any  other  time,  as  for  instance  a  second,  can  be 
determined  by  a  proportion. 

58.  The  time  of  oscillation  requires  to  be  observed 
with  very  great  accuracy.  For  tliis  purpose  it  is  desirable 
that  the  pendulum  AB  should  oscillate  nearly  in  the  same 
time  as  the  clock  pendulum.  The  latter  is  made  to  swing 
just  in  front  of,  or  just  behind  AB,  so  that  the  clock  pendulum 
and  a  certain  mark  attached  to  AB  can  be  both  seen  through 
a  telescope  suitably  placed  when  at  the  lowest  point  of  their 
swing.  If  they  pass  the  lowest  point  together  in  one  oscilla- 
tion, supposing  the  clock  pendulum  to  go  the  faster,  the  next 
time  the  latter  will  pass  a  little  before  AB,  and  the  next 
time  it  will  be  still  more  in  advance.  Presently,  after  n 
oscillations  oi  AB  the  clock  pendulum  will  very  nearly  have 

gained  a  whole  oscillation,  and  after  n  +  \  of  AB  will  have 
gained  rather  more  than  a  whole   oscillation,  the   nih.   and 

ri-hlth  passages  of  AB  being  those  which  most  nearly 
coincide  with  passages  of  the  clock  pendulum.  The  ratio  of 
the  time  of  oscillation  oi  AB  to  that  of  the  clock  will  thus 
be  between  ?i  +  1  :  n  and  w  +  2  :  ??  +  1 .  If  a  very  large  num- 
ber of  oscillations  be  made  and  the  nearest  coincidences 
noted,  we  can  thus  get  as  close  an  approximation  as  we  wish 
to  the  accurate  time  of  oscillation  of  AB. 

59.  If  a  body  rotating  about  a  fixed  axis  be  acted  on  by 
sudden  impulses,  the  new  angular  velocity  round  the  axis 
and  the  impulsive  strains  on  the  axis  can  be  obtained  from 
the  equations  of  Art.  28.  If  &>,  w  be  the  angular  velocities 
before  and  after  the  impulsive  action,  still  taking  Oz  as  the 
axis  of  rotation,  we  have  as  before 

u  =  —  yw,  V  =  xco,  w=  0  ;    u  =  —  yco',  v  =  xco',  w  =  0. 

If,  farther,  we  take  F^,  G^,  H^;  F^,  G^,  H^  to  represent 
the  impulses  exerted  on  the  body  by  the  axis  at  two  points, 
one  of  which  is  the  orimn  and  the  other  is  at  a  distance  c 
from  it;   and  the  symbol  a  denote  summation  with   regard 
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to  all  other  impulses  acting  on  the  body :   the  equations  of 
Art.  28  become 

—  (ft)'  —  co)  l.mzx  =  %{Z'y  —  Y'z)  —  G^c, 

—  [w  —oi)^myz  =  ^{X'z  —  Z'x)-\- F^Cy 
(o)'  -  (o)  1.111  {x'  +  f)  =  l[  Y'x  -  X'y), 

-My{oy'-co)  =  l.X'  +  F^  +  F;, 
Mx(oy'-co)=tY'  +  G^+G;, 

o  =  xz'  +  H^  t  h;. 

These  equations  determine  w  —  w,  F^,  F^,  6r^,  (x/,  H^  +  H^. 

60.  The  most  interesting  case  is  when  only  one  external 
impulse  X' ,  Y\  Z'  affects  the  body,  applied  at  a  point 
(?>  '^'  K)'  I^  this  case  it  is  sometimes  possible  to  apply 
the  impulse  without  producing  any  impulsive  pressure 
on  the  axis  of  rotation.  The  point  at  which  the  single 
impulsive  force  must  be  applied  is  called  the  centre  of 
percussion;  more  strictly  speaking,  the  line  of  action  of  this 
force  ought  to  be  called  the  line  of  percussion,  since  in  a 
really  rigid  body  it  is  clearly  a  matter  of  indifference  at  what 
point  in  its  line  of  action  the  blow  is  given. 

61.  The  conditions  for  the  existence  of  a  centre  of 
percussion  can  be  easily  discovered. 

Assuming  that  F^,  F[,  G^,  G[,  H^,  ///  all  vanish,  the 
equations  of  the  last  Article  give  us 

—  {(d'  —  ft))  Imzx  =  Z't)  —  Y'^, 

—  (co'  —  ft))  ^mi/z  =  X'^—  Z'^, 

(ft)'-ft))JfF=  Y'^-X'7j> 
—  My  (ft)'  —  ft))  =  X\ 
Mx  (ft)'  -  ft))  =  1", 
0  =  Z'. 

X'      Y'     Z' 

From  the  last  three  equations  we  have  — ==  ^^  =  -^  . 

^  —  y       X       ij 

Hence  the  direction  of  the  impulse  is  perpendicular  to 
the  plane  containing  the  centre  of  inertia  and  the  axis  of 
rotation,  the  equation  of  this  plane  being 

—  xy  -\-yx  =  0. 
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'  -i>'  I  V  E  E  S I T 

Puttinof  Z' 


'  =  0  the  first  equation  gives  us    ^       ,      oif         ,  v 

therefore  2m  {z—  ^)  x  =  0, 

similarly  Xm  {z  —  ^)  y  —  0. 

From  these  two  equations  it  follows  (Art.  38)  that  the 
axis  of  rotation  must  be  a  principal  axis  at  a  point  at  a 
height  f  above  the  plane  of  x//,  that  is,  at  the  point  where  a 
plane  through  the  line  of  action  of  the  impulsive  force 
parallel  to  the  plane  of  xi/  cuts  the  axis  of  rotation. 

The  third  equation  gives  us 

(o)'  —  co)  .  Mk"  =  Y'^  —  X't] 

=  {w  -co)  M .  (;x^-hyv), 
therefore  k'^  =  x^  +  yv=^  P^> 

where  r  is  the  distance  of  the  centre  of  inertia  from  the  axis 

of  rotation  =  Jx^  +  y\  and  p  is  the  perpendicular  distance 
between  the  axis  of  rotation  and  the  line  of  action  of  the 
impulsive  force.     For  the  equations  of  this  line  are 

X  Y'         Z'   ' 

Or  —  — .  /v       > 

—  y  X  0 

and  the  perpendicular  distance  between  this  line  and  the 
axis  of  Zy  which  is  evidently  the  perpendicular  on  this  line 
from  the  point  (0,  0,  f)  is  (Solid  Geometry,  Art.  28  or  .30) 

Jx'  +  y^' 

These  results  can  be  obtained  rather  more  simply  by 
assuming  the  plane  of  zx  to  contain  the  centre  of  inertia. 
This  gives  usy  =  0  and  thence  X'  =  0.  Hence  the  impulse 
is  entirely  parallel  to  the  axis  of  y,  that  is,  is  perpendicular  to 
the  plane  containing  the  axis  of  rotation  and  the  centre  of 
inertia.  We  then  easily  obtain  k'^  =  x^,  which  is  equivalent 
to  our  last  result.  It  follows  that  the  centre  of  percussion,  if 
one  exist,  is  at  the  same  distance  from  the  axis  of  rotation  as 
the  centre  of  oscillation  (Art.  5G). 
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1.  A  body  moves  about  a  fixed  horizontal  axis  and  is 
acted  on  by  gravity  only,  find  the  time  of  a  small  oscillation. 

If  T^  and  T^  are  the  times  of  a  small  oscillation  about 
parallel  axes  which  are  distant  a^  and  a^  respectively  from  the 
centre  of  gravity ;  and  T  the  time  of  a  small  oscillation  for  a 
simple  pendulum  of  length  a^  +  a^,  shew  that 

2.  A  rigid  body  is  suspended  in  succession  from  three 
parallel  axes  in  the  same  plane,  the  distances  of  which  from 
each  other  are  known.  If  the  times  of  oscillation  be  observed, 
obtain  an  equation  for  determining  the  moment  of  inertia 
about  the  parallel  axis  through  the  centre  of  gravity. 

3.  A  homogeneous  solid  spheroid,  the  equation  to  the 
surface  of  which  is 

is  suspended  from  an  axis  passing  through  a  focus  ;   prove 
that  the  centre  of  oscillation  lies  on  the  surface 

2oa'  {a'  -  h')  {x'  +  y' +  z^f  =  {aV  +  h'  {x^  +  ^/^  +  ^')}^ 

4.  A  uniform  heavy  rod  OA  swings  from  a  hinge  at  0, 
and  an  elastic  string  is  attached  to  a  point  G  in  the  rod,  the  | 
other  end  of  the  string  being  fastened  to  a  point  B  vertically 
below  0.  In  the  position  of  equilibrium  the  string  is  at  its 
natural  length  and  the  coefficient  of  elasticity  is  n  times  the 
weight  of  the  rod.  If  the  rod  be  held  in  a  horizontal  position 
and  then  set  free,  shew  that  if  w  be  the  angular  velocity 
when  it  is  vertical 

where  2a  =  length  of  rod,  OG  —  c,  OB  =  h. 

Find  also  the  time  of  a  small  oscillation  and  shew  that  it 
is  not  affected  by  the  elastic  string. 
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5.  A  uniform  rod  of  length  2a  is  rotating,  in  a  vertical 
plane,  about  its  middle  point,  which  is  fixed,  with  an  angular 

velocitv  A  /  - — - '     At  the  instant  the  rod  is  horizontal  the 

ascending  end  is  struck  by  a  ball  of  equal  mass,  which  was 

dropped  from  a  height     .    ;  and  when  it  is  next  horizontal, 

o 

the  same  extremity  is  struck  by  a  second  equal  ball  similarly 
dropped.  The  elasticity  being  perfect,  determine  the  subse- 
quent motion  of  the  rod  and  balls. 

6.  A  uniform  vertical  circular  plate,  of  radius  a,  is  capable 
of  revolving  about  a  smooth  horizontal  axis  through  its  centre; 
a  rough  string  equal  in  mass  to  the  plate  and  in  length  to  its 
circumference  hangs  over  its  rim  in  equilibrium  ;  if  one  end 
be  slightly  displaced,  shew  that  the  velocity  of  the    string 

when  it  begins  to  leave  the  plate  is  a/'— tt-  . 

7.  A  uniform  cylinder  can  move  freely  about  its  axis, 
which    is   horizontal.     While    it    is    at   rest    a    particle    of 

elasticity  e  and  of  —^  of  its  mass  and  of  friction  fi  falls  on  it 

and  strikes  it  with  given  velocity.  Investigate  the  motion  of 
the  cylinder,  and  shew  that  the  greatest  angular  velocity  will 
be  produced  when  the  radius  vector  of  the  particle's  point  of 
impact  is  inclined  to  the  vertical  at  an  angle 

2 


tan"'  \fjL[-l-\-e  +  l 


)i 


8.  A  door  in  the  shape  of  a  uniform  rectangle  of  height 
h  and  width  h,  turns  on  two  hinges  in  a  vertical  line  at 
a  distance  2c  apart,  and  equidistant  from  the  top  and  bottom. 
A  weight  equal  to  half  that  of  the  door  is  fastened  to  one  end 
of  a  string,  whose  other  end  is  attached  to  the  top  corner  of 
the  door  farthest  from  the  hinges,  and  which  passes  over 
a  pulley  fixed  at  the  corresponding  corner  of  the  doorway. 
The  door  is  placed  open  at  right  angles  to  the  doorway :  find 
the  angular  velocity  with  which  it  comes  to. 

If  the  motion  be  suddenly  stopped  by  a  force  applied 
at  any  point  of  the  door:    find    the   impulsive    tension    of 
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the  string,  and  pressures  on  the  hinges,  and  the  condition 
that  the  latter  may  vanish.  ' 

9.  An  elliptic  lamina  is  supported,  with  its  plane  vertical 
and  transverse  axis  horizontal,  by  two  weightless  pins  passing 
through  its  foci.  If  one  of  the  pins  be  released,  determine 
the  eccentricity  of  the  ellipse  in  order  that  the  pressure 
on  the  other  may  be  initially  unaltered. 

10.  A  lamina,  whose  centre  of  gravity  is  G,  is  revolving 
about  a  horizontal  axis  perpendicular  to  it  and  meeting  it  in 
C :  supposing  it  to  begin  to  move  from  that  position  in  which 
CG  is  horizontal,  prove  that  the  greatest  angle  which 
the    direction   of  the  pressure  on  the  axis  can  make  with 

the  vertical  is  cot"^  ( |  y-^  tan  6  J  ,  where  6  is  the  corresponding 

angle  which  CG  makes  with  the  vertical,  k  is  the  radius 
of  gyration  about  the  axis  through  G  perpendicular  to 
the  lamina,  and  CG  =  h. 

11.  A  particle  is  placed  on  a  rough  plane  lamina  which 
is  initially  horizontal,  and  which  is  moveable  about  a 
horizontal  line  through  its  centre  of  gravity.  Shew  that 
the  particle  will  begin  to  slip  when  the  plane  has   turned 

throuorh  an  ans^le  tan"^  „      ., — ^r7^„ ,  a  beinsf  the  coefficient  of 

friction,  2a  the  length  of  the  plane  perpendicular  to  its  axis 
of  revolution,  c  the  distance  of  the  particle  from  that  axis, 
and  M  and  m  the  masses  of  the  lamina  and  particle. 

12.  A  ring  is  constrained  to  remain  in  a  vertical  plane, 
and  to  be  always  in  contact  with  a  rough  horizontal  jilane,  by 
passing  through  a  smooth  fixed  ring  at  the  extremity  of  a 

horizontal  diameter.     A  weight  equal  to  -  th  of  the  weight  of 

the  ring  is  attached  to  it  at  the  other  extremity  of  the 
horizontal  diameter.  Shew  that  the  weight  will  just  reach 
the  horizontal  plane  if  the  coefficient  of  friction  be  either  of 
the  roots  of  the  equation 
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62.  If  the  movement  of  a  body  be  restricted  by 
having  one  point  only  fixed,  we  know  by  Art.  9,  that  the 
motion  at  any  instant  can  be  represented  by  a  rotation 
round  some  line  passing  through  the  fixed  point ;  or,  by  the 
composition  of  simultaneous  angular  velocities  round  the 
co-ordinate  axes.  The  equations  of  motion  in  this  case 
will  be,  by  Art.  23,  taking  the  fixed  point  as  origin 

where   L,   M,   N  represent   the   sums   of  the   moments  of 
the  impressed  forces  about  the  axes  of  x,  y,  z  respectively. 

As  in  Art.  18,  if  w^,  Wy,  co^  be  the  angular  velocities  round 
the  co-ordinate  axes,  and  co  the  resultant  angular  velocity 

d^x  ..        do),.        dco^ 

d^y  o         day^  d(o^ 

hence 


t(0. 


d^y        d^x     ,  „      ,,  dco-  dco^  d(^„  ,      ,  x 


dCDy 
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Therefore 

^      f    d^y        d^x\     ^     .  2  .    •i^d(^y„     ^         dw^     ^ 
tra\x~-y^^^^  =  tm(x  +y)  —  -tmza^—-tmyz  ^^ 

+  ^m  {ucw^  +  ywy  +  zw^  {xcd^  —  yw^  =N (1). 

Two  similar  equations  can  be  obtained  from  the  other  two 
above. 

63.  The  equation  (1)  is  ordinarily  quite  insoluble. 
In  one  case  however  it  reduces  to  a  very  simple  form,  that  is 
to  say  when  the  three  principal  moments  of  inertia  of 
the  body  at  the  fixed  point  are  all  equal.  Any  axis  is 
in  this  case  a  principal  axis,  since  the  momental  ellipsoid 
becomes  a  sphere  (Art.  36).  If  A  be  the  value  of  any 
one  of  the  principal  moments,  since  ^m2/2;=0,  Xm2:x=0, 
^mxy  =  0,  and  ^m  (x^  +  y^)  =  X^n  (?/  +  /)  =  Sm  {z^  +  a?)  —  A, 
the  above  equation  becomes 

at 
and  the  other  two  become  similarly 

dt  at 

and   from   these   equations   the   values  of   g)^,   w^,  w^  may 
sometimes  be  obtained  by  integration. 

64.  If  a  body  rotating  about  a  fixed  point  be  subjected 
to  impulsive  forces,  the  equations  of  Art.  28  enable  us  to 
discover  the  instantaneous  alterations  in  the  angular  velocities 
of  the  body  round  the  axes. 

Let  w^,  Wy,  0)^  be  the  component  angular  velocities  round 
the  axes  before,  and  (oj,  Wy,  coj  the  values  of  the  same 
quantities  after,  the  impulses.  Then  with  the  notation 
of  Art.  28  by  means  of  the  formula3  (8)  of  Art.  7, 

u  =  cOjjZ  —  (o^y,         V  =  co^x  —  co^z,         w  —  co^y  —  cOyX, 

u  =  cojz  —  &)/?/,        v'  =  cojx  —  cojz,       w  =  (ojy  —  cojoa. 

Then  equations  (1)  of  Art.  28,  give  after  a  little  reduction 
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^m  (/  +  /)  (ft)/  -  &)^)  -  l^mzx  {(oj  -  wj  -  ^7)1X1/  (coj  -  a>^) 

and  two  similar  equations. 

If  we  denote  the  moments  of  the  impulses  round  the  axes 
by  the  symbols  L' ,  M',  N',  and  adopt  the  notation  of  Art.  34, 
these  equations  can  be  written 

A  (o);  -  0,  J  -  B'  {co:  -  CO,)  -  C  («;  -  a>,)  =  L  I 

^«-a),)-^'(a>;-a),)-0'K'-«J=3r     (1), 

C  (a,;  -  o)',)  -  A'  (co;  -  co^)  -  B'^  «  -  o),)  =  N'\ 
which  determine     w/  —  «_,.,  co'y  —  w^,  o)/  —  co^, 
and  therefore  co^,  0)^,  co^. 

65.  If  a  body  with  one  point  fixed  and  initially  at  rest, 
be  acted  on  by  impulses  whose  moments  round  the  axes  are 
L',  M',  N',  the  angular  velocities  produced  will  be  obtained 
from  the  equations  (1)  of  the  last  Article,  by  putting 
Q)^,  ct)y,  co^  each  equal  to  zero. 

Now   the  direction-cosines   of  the  initial  instantaneous 

axis  are  — f- ,  -^  ,  ^  ,  if  «'  be  the  initial  angular  velocity 

(0  0)         CO 

=  >s/co^    +C0y    -{-co,  . 

Hence  the  equation  of  the  plane  which  is  diametral  to 
the  initial  instantaneous  axis  with  respect  to  the  momental 
ellipsoid  [Art.  35,  (3)]  is  (Solid  Geometry,  Art.  82), 

(AcoJ  -  B'coJ  -  C'coJ)  X  +  {BcoJ  -  A' CO,:  -C'coJ)  y 

+  {Geo.:  -  ^'w;  -  B'co;)  z  =  ^. 

The  direction-cosines  of  the  normal  to  this  plane  are  pro- 
portional to 

Aco;  —  B'co:—C'co;,        BcoJ  —A'co:—C'co;y        Ceo:  — A' CO, j' —B' CO,', 

or  L\  M\  N', 

that  is  to  the  direction-cosines  of  the  axis  of  the  couple  of 
which  L' ,  M',  N'  are  components. 

Hence  if  a  given  set  of  impulses  act  on  the  body, 
since  these  can  always  be  replaced  by  a  couple,  and  a 
force  acting  at  the  fixed  point,  which  latter  part  has  no  effect 
on  the  rotation  ;  the  initial  instantaneous  axis  of  rotation  is 
the  diameter  of  the  momental  ellipsoid  which  is  conjugate  to 
the  plane  of  the  couple. 

A.  D.  4 
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Unless  the  plane  of  the  couple  coincide  with  a  principal 
plane  of  the  body,  the  initial  axis  of  rotation  will  not  be 
perpendicular  to  the  plane  of  the  couple. 

The  quantities  Aco^  —  B'co^—  C'co^  and  the  two  similar 
expressions  are  called  the  angular  momenta  of  the  body 
about  the  axes,  or  the  moments  of  momentum  about  the  axes. 
(See  Art.  97). 

^Q.  If  at  any  instant  the  co-ordinate  axes  happen  to 
coincide  with  the  principal  axes,  at  that  instant  '%myz  =  0, 
'l.mzx  =  0,  Xmxy  =  0  ;  and  i(  A,  B,  C  he  taken  as  the  values 
of  the  three  principal  moments  of  inertia,  we  have  also 

:Em  if  +  /)  =  A,         Xm  (/  +  a^')  =  B,         l^tn  (x'  +  f)  =  G. 

The  equation  (1)  of  Art.  62  becomes 

or  C^+        {B-A)co^w^  =  N, 

and  the  other  two  equations  are  similarly  simplified. 

If  however  (d^,  co^,  co^  represent  the  angular  velocities 
round  axes  fixed  in  space,  this  simplified  form  will  only 
be  true  for  the  instant  considered  and  will  not  admit  of 
inte.izration  with  respect  to  t.  Let  us  then  suppose  that  the 
angular  velocity  is  represented  by  components  co^,  co^,  co^ 
round  the  principal  axes  which  are  fixed  in  the  body  and 
coincide  momentarily  with  the  fixed  axes.  At  the  instant 
considered    a\=  co^,  co^  =  cd^,   (o,  =  (o^.     We   cannot  however 

,  1     .        1    ,  dco.     day,,    dco^         , 

be    sure    as    to    the    relation    between  —rr ,  "tt  ,  -ji     ^^d 

at       at       at 

-^  ,  —r^  ,  —r~' ,  and  this  relation  we  must  proceed  to  investi- 
dt  '   dt   '   dt  '  ^ 

gate. 

67.  Let  us  then  suppose  l^,  m^,  n^\  I^,  m^,  n.^;  Zg,  m^,  n^ 
to  be  the  direction-cosines  of  the  principal  axes  of  the 
body  with  reference  to  axes  fixed  in  space.     We  then  get 

ftj,   =7?^a)j     +^^2^2    +^3««3J 
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Turning  to  Art.  7,  we  see  that  the  relations  between 
ftjj,  «2,  6)3  and  0)^,  (Oy,  co^  are  exactly  the  same  in  form 
as  those  between  x',  y',  z  and  f,  77,  f. 

Hence    by   a   reduction   equivalent    to    that    in    Art.    7, 

the  last  three  terms  of  the  value  of  —  "^  can  be  replaced  by 

CL>,a)j,  —  ft)^&)^  or  zero ,  since  the   symbols   w^,   &)^,  w^  have  the 
same  meaning  as  in  Art.  7. 

Hence 


dt        '  dt        ^  dt   "^  ^  dt' 

If  then  at  any  instant  the  principal  axes  coincide  with  the 
fixed  axes,  at  that  instant  1^=1,1^  =  0,1^  —  0^  and  therefore 
we  have 

dcOj.      dco^ 

dt        dt 

68.  The  equations  of  motion  of  the  body  are  therefore 
reduced  to 

where  cd^,  co^,  co^  are  the  resolved  angular  velocities  round  the 
principal  axes  of  the  body. 

69.  In  addition  to  the  equations  of  the  last  Article  which 
may  be  supposed  to  determine  &j^,  w^,  0)3,  we  still  require  means 
for  determining  the  values  of  l^,  m^,  oi^ ;  1^,  w.^,  n,, ;  l^,  m^  n^  or 
in  some  other  way  ascertaining  the  position  of  the  principal 
axes  in  space. 

It  is  well  known  that  these  nine  quantities  are  connected 
by  six  relations.  Therefore  three  independent  quantities  are 
required  to  determine  the  position  of  the  principal  axes.    The 

4—2 
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three  usually  taken  (Solid  Geometry,  Art.  45)  are  6  the  angle 
between  the  axis  of  2  and  one  of  the  principal  axes,  as 
that  round  which  C  is  the  moment  of  inertia,  the  angle 
(f)  between  the  axis  of  os  and  the  line  in  which  the  plane  of  x^ 
intersects  the  plane  through  the  other  two  principal  axes,  and 
the  angle  'yjr  between  the  last  line  and  one  of  these  two 
principal  axes. 

70.  Let  us  suppose  a  sphere  of  radius  unity  described 
with  the  fixed  point  as  centre.  Let  the  fixed  axes  meet  this 
sphere  in  x,  y,  z  and  the  principal  axes  meet  it  in  J.,  B,  G. 


Let  the  great  circles  through  AB  and  xy  cut  in  ^^,  the 
great  circles  through  Cz  and  AB  cut  in  y^,  and  those  through 
Gz  and  xy  in  y^. 

Then  the  arc  Gz  =  0,  arc  xx^  =  ^,  arc  x^A  =  ylr. 

The  velocity  of  the  point  G  can  be  represented  by  either 
of  the  two  sets  of  velocities 

~T-  along  z  G,  and  sin  6  -^  perpendicular  to  zG 


or 


ft)j  along  BG  and  w  along  CA. 
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Also  the  angle  between  the  arcs  BC  and  Cz  is  -v/r.  Hence 
resolvinof  the  second  set  in  the  directions  of  the  first  we 
have 

.    ,     de 

ft)^  cos -v/r  -  «^  Sm -^/r  =  — 


ft)j  sin  i|r  +  c»2  cos  -v/r  =  —^sin  6  \ 


,(1). 


From  which,  or  by  resolving  the  first  set  in  the  directions 
of  the  second,  we  can  obtain  the  equivalent  equations 


dO 


ft),  =  -r  cos 
'       dt 


5  '\\r  +  -y  sin  6  sin  -v/r 


dt 


de 


d(j)    . 


ft),  =  -  -y-  sin  i|r  +  -^  sin  e  cos  yjr 


dt 


dt 


(2). 


Again,  the  velocity  of  A  along  AB  is  co^,  but  its  velocity 
along  AB  relative  to  w^,  is  -^ ,  while  the  velocity  of  w^  along 
d(f) 


dt 


AB  is  ^  cos  6 
dt 

Hence  we  must  have, 

ft) 


d-dr      d(h         n 
=  -dt-^-dt'''^ 


,(8). 


The  equations  (1)  or  (2)  with  (3)  theoretically  determine 
6,  (p,  -v/r  if  0)^,  ft)^,  0)3  are  known,  and,  coupled  with  the 
equations  of  Art.  G8,  determine  the  motion  completely. 

71.  In  the  case  of  a  body  acted  on,  either  by  no  forces, 
or  by  forces  Avhich  have  no  moment  round  the  fixed 
point,  the  equations  of  Art.  68  admit  of  integration.  They 
become 


tft) 


•(1), 
(2), 
,(3). 
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Multiplying  these  equations  by  Wj,  co,^,  co^  respectively,  and 
adding,  we  have, 

whence     Aw^  +  Bw^  +  Cw^  =  constant  =  h'^  suppose  . . .(4?). 

Again    multiplying    the    three    original     equations    by 
^     Aco^,  Bco^,  C(o^  respectively  and  adding,  we  obtain 

whence   A^co^^  +  5^«/  +  G^co^^  =  constant  =  //  suppose. . . (5). 

Let   us   further   assume    co    to   represent    the    resultant 
angular  velocity,  so  that 

^i"  +  ^2^ +  ^3^  —  ^^ (6). 

From  these  three  equations  w/,  «/,  co^^  can  be  expressed 
in  terms  of  co,  and  since 

do)  dco,  dco„  do). 


ft) 


=  ''^-J^  +  ^^ZJ7+^s^  (7), 


dt        '  dt    '     '  dt    '     '  dt 


we  can  then  by  means  of  (1),   (2)  and  (3)  express   -7-,  and 

Civ 

dt 
consequently  -^  ,  in  terms  of  o).    The  value  of  t  is  thus  made 

to  depend  on  the  determination  of  an  elliptic  integral. 

72.     The  equations  of  the  instantaneous  axis  referred  to 

the  principal  axes  are 

X       y       z 

-=-=- 1. 

«1  «2  ^3 

The    co-ordinates    of  the   point    where    (1)    meets   the 
momental  ellipsoid,  whose  equation  is 

Ax'-^Bif+Cz'  =  e' (2), 

are    obtained  by  taking  (1)  and  (2)  as  simultaneous.     We 
thus  get 


^  ^  1  _  f  ^        Ax'  +  By'  +  Gz'    _  €^ 
^1      ^2     ^3     y   A  ft)/ + Bo)^;  +  Go)^'  ~  h  ' 
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and  also  each  of  the  fractions 


^      /   a;  +?/*■  +  ^"_  _  r 

if  r  be  the  distance  of  the  point  from  the  origin. 

The  equation  of  the  tangent  plane  to  (2)  at  this  point  is 
(Solid  Geometry,  Art.  101), 

or  Aw^x  +  Bco^^y  +  Cco^z  =  e^h (3). 

The  length  of  the  perpendicular  from  the  origin  on  this 
plane  is  therefore 

he'  he' 


and  is  consequently  invariable. 

78.     The  direction-cosines  of  the  perpendicular  on   the 
tangent  plane  (3)  referi'ed  to  the  principal  axes  are 

Aco^    Bco,^     Cco^ 


.2        ' 


k'  '  F  • 


We  shall  now  shew  that  this  line  is  not  only  invariable  in 
length  but  also  in  absolute  direction. 

Let  I^,  m^,  n^  be  the  direction-cosines  of  OA  with 
respect  to  axes  Ox,  Oy,  Oz  fixed  in  space ;  l^,  m^^,  n^ ;  l^,  m^,  n^ 
those  of  OB  and  0  C. 

The  cosine  of  the  angle  between  Ox  and  the  line  we  are 

.,     .       .    Acol-i-Bo)l-\-C(ol      ^ 

considering  is  ■ — ^-^ -^-^ ^  =  X  say. 

fc 

From  this  we  obtain  by  differentiation 

jodX        .J  dco,       ^,  clco„       ^,  dco^       .      r]l       _      dL      ^     dL 

=  {B-  C)  l^a,,<o,  +  iC~A)  ^,0,30,,  +  (.1  -  B)  1,0, ^co, 

.      dl.  ^   -^     dL      ^     dL 
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=   ^«l  ('^7  -  ^2^3  +  ^3«2  )  +  ^«2  (^'  -  K^l  +  ^1«3  ) 

But   by  Art.  7  if   w^,  (o^,  co^  are   the  angular  velocities 
round  Oa\  Oy,  Oz  we  have 

^'  dt  ^^'  dt^  ^'  dt  ~  ^' 

dl  dk  ^        dL 

dL  dL  dL 

"'  *  + "» A  + »» d^ = "^' 

and  multiplying  these  equations  by  l^,  m^,  n^  respectively  and 

adding  we  obtain 

M, 

-^- =  «.«,-»«.», 

=  n^  {ni^w^  +  m.jM^  4-  m^w^  —  v\  (n^co^  +  7h/o^  +  ^h'^n)  (^^'  ^^)' 

=  Z^«3  —  ^gft)^     (Solid  Geometry,  Chap.  IV.  Ex.  4). 

dl 
Similarly  ^^^  =  I^co^  -  l^co^, 

^K        7  7 

^  =  ^.^2-^2«r 

d\ 
Hence    ,   =  0  ;  that  is  the  perpendicular  to  the  tangent 

plane  of  the  momental  ellipsoid  at  the  extremity  of  the 
instantaneous  axis  makes  a  constant  angle  with  any  one,  and 
consequently  with  all,  of  the  axes  fixed  in  space.  Hence  this 
line  is  itself  fixed  in  direction.  It  is  therefore  called  the 
invariable  line,  and  the  plane  through  the  fixed  point  per- 
pendicular to  it  is  called  the  invariable  plane.  Another 
proof  of  this  result  will  be  given  later  on  as  a  particular 
case  of  a  more  general  proposition  (Art.  101). 
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74.  If  the  invariable  line  be  taken  as  axis  of  z  in  the 
fio-ure  of  Art.  70  the  equations  which  give  the  motion  can  be 
considerably  simplified. 

For  from  spherical  trigonometry  or  from  the  transforma- 
tions effected  in  Art.  45  of  the  author's  Solid  Geometry  the 
direction-cosines  of  Oz  with  reference  to  OA,  OB,  00  are 

sin  -yjr  sin  0,  cos  yjr  sin  6,  cos  6. 

Hence 

—j^  =  sin  -v/r  sin  6,  -p-^  =  cos  yjr  sin  0,  -^^ ^  =  cos  ^. ..(1). 
Equations  (1)  of  Art.  70  therefore  give 

'u=[j_~b)  sii^ '^  cos  i/r  sin  ^ (2), 

dcf)  /cos-  ^|r      sin'  i/rX 

dt  =  ^  [~B~'^-A'^J ^-^^^ 

while  equation  (3)  gives 


-^cos 


^4t-^^1^-^^)-^' 


^  =  A^  cose  {g  -  ^)  sin=  f  +  Q,-  y  cos  >  I  . .  .(-t). 

Equations  (2),  (3),  (4)  if  integrable  would  give  the  values 
of  6,  'vj[r,  (j)  in  terms  of  t,  and  so  determine  the  position  of  the 
body  at  any  time. 

It  is  perhaps  worth  noticing  that  the  direction-cosines  of 
the  three  lines  Ox,  Oij,  Oz  with  resjDect  to  OA,  OB,  00  are 

sc^cos-v/r  — sin^sin-x^cos^,  —  cos ^ sin •v/^— sin  <^  cosier  cos ^,  sin^sin^^ 
i^cos-vlr+cos^sinilrcos^,  —  sin^sin-vl^  +  cos^cos^lrcos^,  cosc^sin^  >  (5), 
-vlrsin^,  cos-vl^sin^,  cos^ 

and  that  the  same  nine  quantities  taken  in  vertical  row^s  are 
the  direction-cosines  of  OA,  OB,  00  with  respect  to 
Ox,  Oy,  Oz.     Also  that  the  direction-cosines  of  OB  can  be 
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IT 

deduced  from  those  of  OA  by  writing  "^  +  -y  for  -^  while  those 
of  Oy  can  be  deduced  from  those  of  Ox  by  writing 

^  -  I  for  (f>. 

75.  The  motion  of  the  body  can  thus  be  represented  by 
imagining  the  momental  ellipsoid  at  the  fixed  point  to  roll  on 

a  plane  parallel  to    the  invariable  plane   at  a  distance  -p- 

from  the  origin.  The  ellipsoid  rolls  on  the  plane  because 
the  point  of  contact  at  each  instant,  being  the  extremity  of 
the  instantaneous  axis,  has  no  velocity  in  space. 

The  instantaneous  axis  describes  two  cones,  one  absolutely 
in  space  whose  base  is  a  curve  traced  out  on  the  fixed 
tangent  plane  by  the  successive  positions  of  the  point  of 
contact ;  and  the  other  relatively  to  the  momental  ellipsoid, 
whose  base  is  the  curve  traced  out  by  the  same  point  on  the 
surface  of  the  ellipsoid.  The  motion  of  the  body  may  be 
also  represented  by  imagining  one  of  these  cones  to  roll  on 
the  other. 

76.  The  locus  of  the  extremities  of  the  instantaneous 
axis  on  the  ellipsoid  is  easily  obtained.  It  is  simply  the 
locus  of  points  at  which  the  perpendicular  on  the  tangent 

plane  is  equal  to  -p- ,  and  the  condition  for  this  is  that 

A'ar  +  By  +  CV  =  ^^' , 

which,  combined  with  the  equation 

Ax''-\-Bif-\-Gz''=6\ 
gives  the  curve  required. 

This  curve  is  called  the  pollwde. 

77.  The  equation  of  the  curve,  called  the  herpolhode, 
traced  out  on  the  fixed  tangent  plane  can  be  obtained. 

If  ds  and  ds  be  corresponding  elements  of  the  arc  of  this 
curve  and  the  polhode,  it  is  evident  from  the  method  of 
description  that  ds  —ds. 
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Let  0  be  the  fixed  point,  01  any  position  of  the  instan- 
taneous axis,  or  the  next  position.  We  may  suppose  //'  to 
be  an  arc  of  the  polhode  or  herpolhode.     Let   00'  be  the 


invariable  line,  and  0'  the  point  where  it  meets  the  tangent 
plane  to  the  ellipsoid  at  /.  Then  if  0'I=r',  01  =  r,  and  6' 
be  the  angle  which  01  makes  with  some  fixed  lioe  in  the 
plane  10' I , 

Ss"  =  Ss'  =  ir  =  Sr'  +  r"  {h&y. 

But  if  X,  y,  z  be  the  co-ordinates  of  /  referred  to  the 
principal  axes,       {^sj-  =  {8xy  +  {Si/f  -f  (Szf 

=  J  {(^^.y  +  (§«.)'  +  i^o^n  by  Art.  72, 
therefore  proceeding  to  the  limit 


\dt)   "^        \dt)        IV  {\dt)    '^\dtj 
Also  since  00'  =  A  tt,  ,  Art.  72, 


2 


syi-(^)- 


.'2 


h'-' 


n  6 


or 


'1 
r    =r 


r  =  r   4- 


co'e' 


/re* 


k' 


whence 


K'  k' ' 

ft)6"  acd 


,  dr  _  we"  d 

dt       K^   dt 


(2). 


By  Art.  71  we  can  express  the  right  hand  member  of  (1) 
in   terms   of   «.     Hence    from    (1)  and  (2)  we  can   express 

^^'      A  dO'         .  ,,        ,       dr'      ^dO'    .    ^  ,        ..,, 

7"  and  -^- ,  and  thereiore   ,    and  ~,—  ,  m  terms  ol  co.    Wnence 
at  dt  d(D  d(o 

by   integrating   and    eliminating  co,  r    can   be  obtained   in 

terms  of  0' . 
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We  may  notice  that  the  quantity  denoted  by  li^  is  the 
vis  viva  of  the  body  (Arts.  91,  96) ;  while  that  denoted  by  V 
is  the  moment  of  momentum,  or  the  angular  momentum  of 
the  body,  round  the  invariable  line  (Arts.  88,  100,  101). 
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1.  An  ellipsoid  rotating,  with  its  centre  fixed,  about 
one  of  its  principal  axes  (that  of  x)  receives  a  normal 
blow  at  a  point  (Ji,  k,  I).  If  the  initial  axis  of  rotation  after 
the  blow  lie  in  the  principal  plane  oi  yz,  its  equation  is 

c"  (a'  +  c')  {a'  -  ¥)  hj  +  b'  (a'  +  ¥)  {a'  -  c')  Iz  =  0. 

2.  The  angular  velocities  of  a  body  acted  on  by  couples 
X,  M,  N  round  the  principal  axes,  about  which  the  moments 
of  inertia  are  A,  B,  G,  are  o)^,  w.^,  co^ ;  shew  that  the  angular 
velocities,  in  the  body,  of  the  instantaneous  axis  round  the 
principal  axes  are 

1        {(D^N     co^M  fC-A     2      A-B     ,' 

and  similar  expressions. 

3.-  A,  B,  G  are  the  moments  of  inertia,  —  F,  —  G,  —  H 
the  products  of  inertia,  for  rectangular  axes  fixed  in  space,  of 
a  rigid  body  rotating  about  a  fixed  origin,  co^,  (o^,  co^  the 
component  angular  velocities,  and  K^,  K^,  K^  the  component 
angular  momenta  about  the  same  axes  at  the  time  t ;  if 
L  =  BG-F\P  =GH-  AF,  prove  that 

fj  A  r/F 

^  =  2((?a,,-//»3),       ^-  =  (fi-(7)a,,-ira,,+  (?a,„ 
5^  =  2  {RR\  -  GIQ,    -^  =  {C-B)  K\  +  EK^  -  GK, 

4.  If  two  of  the  principal  moments  of  inertia  be  equal, 
and  the  body  begin  to  rotate  about  an  axis  perpendicular  to 
that  of  unequal  moment,  under  the  action  of  a  couple  varying 
as  the  cosecant  of  the  angle  which  the  instantaneous  axis 
makes  with  the  axis  of  unequal  moment,  and  in  a  plane  per- 
pendicular to  that  axis,  determine  the  position  of  the  instan- 
taneous axis  in  the  body  in  terms  of  the  time. 
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5.  If,  with  the  usual  notation,  J/=0,  N=0,  and  the 
body  initially  rotate  about  the  principal  axis  to  which  A 
belongs,  it  will  continue  to  do  so  if  A  be  the  greatest  or  least 
moment,  but  if  it  be  the  mean  moment,  the  axis  of  rotation 
will  always  be  in  a  plane  through  this  axis  whose  equation  is 

7j  JB  {A  -  B)  =  z  JG{G-A). 

6.  A  lamina  of  any  form,  rotating  with  an  angular 
velocity  (o  about  an  axis  through  its  centre  of  gravity  perpen- 
dicular to  its  plane,  has  an  angular  velocity, 

(A  +  B^ 

impressed  upon  it  about  its  principal  axis  of  least  moment, 
A  and  B  being  its  moments  of  inertia  about  the  principal 
axes  of  mean  and  least  moment ;  shew  that  its  angular 
velocities  about  the  principal  axes  at  any  time  t,  are 


2co  fA+By      6'-^-€-'-^       fA+BV 


:&) 


CO 


and  that  it  will  ultimately  revolve  about  its  axis  of  mean 
moment. 

7.  A  rigid  body,  acted  on  by  no  force,  moves  in  such  a 
manner  that  the  square  of  its  angular  momentum  is  equal  to 
its  vis  viva  multiplied  by  its  moment  of  inertia  about  its 
mean  axis;  prove  that  the  plane  through  the  invariable  line 
and  the  mean  axis  rotates  uniformly  in  space,  and  that,  if  6 
be  the  inclination  of  the  mean  axis  to  the  invariable  line  at 
the  time  t, 


2  2  B{ACY 

where  A,  B,  C  are  the  principal  moments  of  inertia  of  the 
body,  G  its  angular  momentum,  and  a.  the  initial  value  of  0. 

8.  If  k^  =  Bh^,  prove  that  the  polhode  becomes  a  pair  of 
plane  curves  formed  by  the  intersection  of  the  planes 
jtJA  (A  -  B)=  ±z  JG{B—C)  with  the  momental  ellipsoid, 
B  being  the  mean  of  the  quantities  A,  B,  G. 


CHAPTER  TI. 

ON   MOTION   OF   A   FREE  BODY   IN   SPACE.      THE  MOTION   OF 

A   SPHERE. 

78.  The  principles  and  results  of  the  last  chapter  can  all 
be  utilised  for  the  investigation  of  the  motion  of  a  body  no 
point  of  which  is  fixed,  by  means  of  the  two  principles  of 
Art.  24.  All  the  results  of  Arts.  71 — 77,  apply  to  the  case  of 
a  rigid  body  moving  freely  and  acted  on  only  by  forces  whose 
resultant  has  no  moment  round  the  centre  of  inertia.  The 
only  change  is  one  of  interpretation,  that  motions  which  were 
formerly  absolute  are  now  to  be  considered  merely  as  relative 
to  the  centre  of  inertia. 

79.  There  is  one  case  of  sufficient  importance  and 
frequency  of  occurrence  to  deserve  separate  mention,  that  of  a 
body  in  the  shape  of  a  plane  lamina  moving  in  its  own 
plane. 

In  this  case  a  line  through  the  centre  of  inertia  perpen- 
dicular to  the  plane  is  a  principal  axis  (Art.  40),  and  if  w  be 
the  angular  velocity  of  the  body  round  this  axis,  or  as  it  may 
be  called,  the  angular  velocity  of  the  body  in  its  own 
plane  round  the  centre  of  inertia,  we  have  by  equation  (1) 
of  Art.  62,  since         co^  =  0,  w^  =  0,  cd^  =  (d 

Ml/^^^miYx-Xy) (1), 

if  M¥  be  the  moment  of  inertia  of  the  body  about  the  line 
through  the  centre  of  inertia  perpendicular  to  its  plane. 

Also  if  X,  y  be  the  co-ordinates  of  the  centre  of  inertia 
referred  to  axes  fixed  in  the  plane  of  motion ;  by  equations 
(4)  of  Art.  25, 
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\1  -T^  =  2,mX 
at 


-Zml 


^ (2). 


df 


J 


These  results  apply  also  to  the  motion  of  a  body  not  a 
plane  lamina,  when  the  motion  of  every  particle  is  parallel  to 
the  plane  of  xy. 

80.  If  a  plane  lamina  be  acted  on  by  impulsive  forces  in 
its  own  plane  ;  the  equation  giving  the  motion  round  the 
centre  of  inertia  after  the  impulse  is  by  Art.  64, 

Mk'  (co'-co)=t( Yx - X'y), 

where  w,  w  are  the  angular  velocities  before  and  after ;  X\  Y' 
are  the  resolved  impulses  at  the  point  (.t,  y). 

For  the  motion  of  the  centre  of  inertia,  we  have  by 
Art.  28, 

M  {u  -  u)  =  tX',      M  (v  -v)  =  t  Y'. 

The  resolved  parts  of  the  velocity  of  any  point  of  the 
lamina  parallel  to  the  axes  of  x  and  z/  after  the  impulses  are 
then  u  —  yw  and  v  +  xw  . 

If  X,  y  be  such  that  these  both  vanish  the  point  [x,  y)  is 
iastantaneously  at  rest  and  is  called  the  centre  of  instantaneous 
or  spontaneous  rotation, 

81.  Let  us  suppose  a  sphere  rolling  on  a  horizontal  plane 
under  the  action  of  no  forces  but  gravity. 

We  may  take  any  point  in  the  horizontal  plane  as  origin 
and  an}^  two  lines  at  right  angles  to  each  other  in  that  plane 
as  axes  of  x  and  y,  the  axis  of  z  being  consequently  vertical. 

AVe  will  assume  a  to  be  the  radius  of  the  sphere  and  x,  y,  a 
as  the  co-ordinates  of  the  centre  of  the  sphere.  Also  let 
oj^,  (Oy,  co^  be  the  angular  velocities  of  the  sphere  at  any  instant 
round  axes  through  its  centre  parallel  to  the  co-ordinate  axes. 
Let  E  be  the  reaction  of  the  plane  and  F^,  F^^  the  resolved 
parts  of  the  friction  parallel  to  the  co-ordinate  axes.  Let 
M  be  the  mass  of  the  sphere  and  Mk^  its  moment  of  inertia 
round  any  diameter. 


64 
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The  principles  of  Art.  24,  give  for  the  motion  of  the  centre 
of  the  sphere 


df         ' 


M 


.(1). 


0=R-Mg\ 
For  the  motion  round  the  centre  we  have  by  Art.  63, 


,(2). 


dt 

dt  j 

These  six  equations  are  all  the  dynamical  ones   that  can 
be  obtained.     As  there  are  eight  unknowns 

ft)^,  &)^,  a>,,  X,  y,  F^,  Fy,  R, 

we  require  two  more  equations.     These  must  be  geometrical 
and  be  obtained  from  the  nature  of  the  rolling. 

Let    us  first   suppose    that    the    friction  of  the  plane  is 

sufficient  to  prevent  all  sliding.    In  this  case  the  instantaneous 

velocity  of  the  point  of  the  sphere  in  contact  with  the  plane 

must  vanish.     By  Art.  8,  the  velocities  of  this  point  parallel 

diOc  fill 

to  Ox,  Oy,  are  -^-  —  aco^  and  ~  +  aa) 


dt 


dt 


X* 
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Hence  we  have 


dy  „ 


>  (3), 


as  the  two  additional  conditions  required. 

Secondly,  it  may  happen  that  the  friction  of  the  plane  is 
not  sufficient  to  insure  perfect  rolling.  In  this  case  the 
maximum  amount  of  friction  will  be  called  into  play  in  order 
to  prevent  the  motion  of  the  point  of  the  sphere  which  is  in 
contact  with  the  plane.  Hence,  as  a  first  condition,  if  //,  be 
the  coefficient  of  friction  between  the  sphere  and  the  plane, 

F:+F:=,rm (4). 

A  second  property  of  friction  is,  that  it  always  acts  in  a 
direction  opposite  to  that  in  which  motion  is  taking,  or  tends 
to  take  place.     This  gives  as  a  second  condition 

di/ 
— (•3)- 


F^     dx 


82.     From  the  first  equation  of  (1)  combined  with  the 
second  of  (2),  we  get 

>  (C). 


Similarly  a  ^A—  ^^  ~rr  =  0 

•^  dt'  dt 


J 


And  if  we  assume  the  condition  of  perfect  rolling,  and  sub- 
stitute for  oj^,  (o^  their  values  from  (3),  these  equations  give 

d"x  _         d'y  _ 

Whence  F^  =  0,      F^  =  0. 

If  therefore  the  ball  be  at  any  time  rolling  without  sliding, 
it  will  continue  to  do  so  throuo;hout  the  motion  and  the  linear 
and  angular  velocities  will  remain  uniform. 

A.  D.  5 
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83.  If  when  the  ball  is  started  the  impulsive  frictioDal 
action  be  not  enough  to  ensure  initial  perfect  rolling,  the 
solution  will  be  somewhat  different. 

We  have  from  equations  (1)  and  (2) 

d^y       dco^       d^y        d 


ft) 


^y  _  ^^'  _     ^^     _  df_(it 


i\     (Fx  dw^.      d^x         d 


and  by  (5) 


df  dt       df         dt 

dy 

F,  ~  d: 


It-'"'' 

d^v         dco^     d^x         d< 


7  +  a  -7—      ~-r.9.-  a 


fo. 


Therefore 


dt^  dt        df  dt 

di/  dx 


Whence,  integrating, 

log  l-^,  +  aw  A  =  log  ( ^ —  aay\  +  constant ; 

therefore  f +«»,=  cg- acoj  ; 

therefore  F^  =  C .  F^. 

And  therefore  from  (4) 

F^'{l  +  C')  =  fi'R'==,jc'MY', 

therefore  F^=  ^j'^^^,      F  =    ^^^  . 

Hence  the  motion  of  the  centre  of  the  sphere  is  the  same 
as  that  of  a  particle  acted  on  by  a  constant  ibrce  in  a  constant 
direction,  and  its  path  is  therefore  a  parabola,  with  a  straight 
line  as  a  particular  case. 

84.  If  the  plane  on  which  the  sphere  is  rolling  be  in- 
clined to  the  horizon  at  an  angle  a,  and  we  take  the  line  of 
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greatest  slope  in  this  plane  as  axis  of  x,  the  axis  of  y  being 
consequently  horizontal,  the  equations  (1)  of  Art.  81  are 
replaced  by 

^^^2==^.-%  sin  a 


(6). 


df        ' 
0  =  R-  Mg  cos  a  ) 

The  equations  (2)  require  no  alteration. 

Eliminating  F^  between  the  first  equation  of  (6)  and  the 
second  of  (2),  we  obtain 

Similarly  F  -—-  —  a  -^  =  0. 

If  the  conditions  of  perfect  rolling  be  satisfied,  sub- 
stituting for  o)^  and  w^  we  get 

d^x         a^g  sin  a 
de  "  ~  If+W' 

Hence  the  path  of  the  centre  of  the  sphere  is  a  parabola, 
since  these  equations  are  the  same  in  form  as  those  whicli 
give  the  motion  of  a  particle  acted  on  by  a  constant  force  in 
a  constant  direction. 

85.  The  preceding  Articles  furnish  sufficient  exempli- 
fications of  the  motion  of  a  sphere  acted  on  by  finite  forces. 
As  an  example  of  the  treatment  of  the  question  when  im- 
pulsive forces  come  into  play  we  will  suppose  a  sphere 
moving  in  any  manner  on  a  smooth  horizontal  plane  to  strike 
a  vertical  rough  plane. 

We  will  take  the  normal  to  this  latter  plane  as  axis  of  x, 
and  the  axis  of  z  vertical. 

Let  u,  V  be  the  velocities  of  the  centre  of  the  sj^here 
parallel  to  the  axes  of  x  and  y  before  the  impact ;  u,  v  the 

5—2 
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values  of  the  same  quantities  after  impact.  Let  «^,  Wy,  co^  be 
the  angular  velocities  of  the  sphere  round  axes  through  its 
centre  parallel  to  the  co-ordinate  axes  before  the  impact, 
(D^,  ft)^',  o)/  the  values  of  the  same  quantities  after. 


Let  R,  B'  be  the  impulses  in  the  direction  of  the  normal 
on  the  vertical  and  horizontal  planes  respectively,  F^,  F^  the 
frictional  impulses  on  the  former  plane  parallel  to  the  axes  of 
y  and  z  respectively.  Then,  assuming  that  the  ball  does  not 
jum]3  from  the  horizontal  plane,  by  equations  (2)  of  Art.  28 

M{u-u)=-B;  M{v'-v)=Fy;  0=B'  +  F^. 

And  by  equations  (1)  of  Art.  64 
MI^{co:-co^)  =  0,  Mk%co;-o,;)  =  -aF,,  Mk'{co:-co,)  =  aF^. 

If  we  suppose  the  vertical  plane  sufficiently  rough  to 
prevent  any  sliding,  we  have,  by  the  formulce  of  Art.  8, 

It  =0,  V  +  aco^'  —0,—  ao)^'  =  0. 

These  nine  equations  enable  us  to  determine 

u,  V,  (oj,  coj,  o)/,  R,  B',  F^.,  F^. 


We  easily  obtain 


¥ 


^'  -  i;  =  -(«/-  ft)  J  =  -  3^-2  y'  - 


a 


a 


k' 


a 


CO 


z  } 


therefore 


,      a  (av  —  Jc^co)        ,     k^co^  —  av 

Z=  i •       M        z= 


V   = 


a'  +  k^ 


a^  +  k 


2      > 


and  the  other  quantities  can  be  easily  found. 
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86.  We  have  supposed  the  sphere  inelastic.  If  this  be 
not  the  case  ^ve  know  that  a  new  normal  reaction  =  eR  comes 
into  play.  This  will  not  affect  either  the  dynamical  or 
geometrical  conditions  which  determine  v'  or  «/.  It  will 
alter  the  velocity  of  the  centre  of  inertia  parallel  to  Ox.  If 
u"  be  the  final  value  of  this  velocity  we  shall  have 

AI  {u"  -  u')  =  eR. 

And,  since  u'  =  0,  this  gives  Ma'  =eR  =  —  eMu\ 
therefore  u"  =  —  eu. 

If  (^,  (f)  be  the  angles  which  the  line  of  motion  of  the 
centre  of  the  sphere  makes  with  the  normal  to  the  vertical 
wall  before  and  after  impact, 

tan  0  =  -  ,  tan  ^'  = 


u'  '        —  u" 


2   fl  ^'"^3 

a  '  ^ 


Hence         tan  6  = — — f  =  -°--    ^       .^     tan  6, 

^        eu  {a'  + 1)  e  {cr  +  ^■ ) 


2a^ 
or,  since  Jc'  =  -y~  (Art.  47), 

o 


Q  —  — 

tan  ©  =  - — p— "  •  tan  6  . 
^  le  ^ 


The  ratio  of  tan  <^'  to  tan  ^  may  thus  be  made  to  assume 


aw. 


any  desired  value  by  properly  adjusting  the  value  of 

87.  If  there  be  a  number  of  bodies  connected  together  in 
any  way  and  mutually  acting  on  one  another,  the  principles 
laid  down  will  enable  the  student  at  least  to  obtain  the 
equations  of  motion.  These  must  be  written  down  for  each 
body  separately :  three  for  the  motion  of  the  centre  of  inertia 
of  that  body  and  three  for  the  motion  round  it.  If  there  be 
n  bodies  there  will  consequently  be  Q>n  dynamical  equations. 
In  these  equations  will  occur  the  unknown  forces  of  constraint 
between  the  different  bodies.  Each  such  force  will  however 
bring  in  a  corresponding  limitation  of  the  geometric  conditions 
of  the  question,  and  from  this  limitation  we  shall  be  able  to 
find  a  geometric  condition  between  some  of  the  6/i  quantities 
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theoretically  necessary  to  determine  the  positions  of  the 
n  bodies.  There  will  thus  always  be  as  many  equations  as 
unknown  quantities,  and  the  problem  is  therefore  reduced  to 
a  question  of  the  powers  of  analysis  to  solve  these  equations. 

There  are  certain  general  principles  which  will  in  most 
cases  enable  us  to  obtain  one  or  more  integrals  of  the  equations 
of  motion.     These  form  the  subject  of  the  next  chapter. 


EXAMPLES.     CHAPTER  VI. 

1.  Shew  that  a  lamina  rotating^  about  an  axis  in  its 
plane  can  generally  be  reduced  to  rest  by  a  single  blow. 

2.  A  plane  lamina  moving,  either  about  a  fixed  axis  or 
instantaneously  about  a  principal  axis,  impinges  on  a  free 
inelastic  particle  in  the  line  through  its  centre  of  gravity  per- 
pendicular to  the  axis  of  rotation  at  the  time  of  impact.  If 
the  velocity  of  the  particle  after  impact  be  the  maximum 
velocity,  prove  that  the  angular  velocity  of  the  lamina  will  be 
diminished  in  the  ratio  of  2  :  1. 

3.  A  uniform  rod  of  gfiven  leno-th  and  mass  is  hinofed  at 
one  end  to  a  fixed  point  and  has  a  string  fastened  to  its  other 
end  passing  over  a  pulley  in  the  same  horizontal  line  with 
the  fixed  point  and  at  a  given  distance  from  it  greater  than 
the  leno'th  of  the  rod.  At  the  other  end  of  the  stringy  han^rs 
a  given  weight.  Initially  the  rod  is  horizontal.  Find  how 
far  the  weig^ht  will  ascend. 

4.  An  inelastic  rod  of  length  2a  falls  inclined  at  an 
angle  6  with  the  vertical  and  strikes  a  smooth  horizontal 
plane.    Shew  that  it  immediately  acquires  an  angular  velocity 

—  .  - —     .   .>  ^,  ,  F being  its  previous  velocity. 

5.  A  uniformly  revolving  rod,  the  centre  of  gravity  of 
which  is  initially  at  rest,  moves  in  a  plane  under  the  action 
of  a  constant  force  in  the  direction  of  its  length :  prove  that, 
at  the  end  of  any  time  from  the  beginning  of  the  motion, 
the  square  of  the  radius  of  curvature  of  the  path  of  the  rod's 
centre  of  gravity  varies  as  the  versed  sine  of  the  angle 
through  which  the  rod  has  revolved. 


J 
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G.  A  wheel,  of  mass  M  and  radius  c,  rotates  in  a  vertical 
plane  about  its  centre,  which  is  fixed.  A  heavy  uniform  rod, 
of  mass  M'  and  length  2a,  has  one  extremity  fastened  to 
a  point  in  the  circumference  of  the  wheel  and  the  other 
moves  freely  in  a  vertical  smooth  groove  passing  through  the 
centre  of  the  wheel.     Determine  the  motion. 

7.  A  smooth  semi-circular  disc  rests  with  its  plane 
vertical  on  a  smooth  horizontal  table,  and  on  it  rest  two 
equal  uniform  rods,  each  of  which  passes  through  two  fixed 
rings  in  a  vertical  line.  If  the  disc  be  slightly  displaced,  and 
if,  in  the  ensuing  motion,  one  rod  leave  the  disc  when  the 
other  is  at  the  highest  point,  prove  that 

31     2  (2  sin  a  —  1  —  sin  /3)  —  sin  /3  cos  ^ 
m  sin^  p  ' 

M,  m  being  the  masses  of  the  disc,  and  either  of  the  rods  re- 
spectively, a  the  angle  which  the  radius  to  either  point 
of  contact,  in  the  position  of  equilibrium,  makes  with  the 
horizon,  and  /3  being  equal  to  cos~^  (2  cos  a). 

8.  A  circular  disc  falling  vertically  impinges  with  velo- 
city -y  on  a  rough  obstacle  at  a  point  at  an  angular  distance 
of  45°  from  the  lowest  point  of  the  disc.  If  the  coefficients 
of  normal  and  tangential  elasticity  be  each  unity,  prove 
that  the  latus  rectum  of  the  subsequent  path  of  the  centre  of 

the  disc  is  -  — . 

9.  Explain  the  method  of  treating  questions  involving 
the  rolling  and  slipping  of  one  rough  cylinder  on  another. 

A  uniform  circular  rins^  moves  on  a  rouo^h  curve  under 
the  action  of  no  forces,  the  curvature  of  the  curve  being 
everywhere  less  than  that  of  the  ring.  If  the  ring  be  pro- 
jected without  rotation  from  a  point  A  of  the  curve  and 
begin  to  roll  at  a  point  B,  the  angle  between  the  normals  at 
A  and  B  is  log  2  -^  ^,  where  /jl  is  the  coefficient  of  friction. 

10.  A  sphere  is  partly  rolling  and  partly  sliding  on  a 
rough  horizontal  plane.     Shew  that  the  angle  the  direction 
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7/  -4-  o  12 
of  friction  makes  with  the  axis  of  x  is  tan~^  j^  ,  u  and  v 

beiiifr   the    initial    velocities,  fi,  and  H    the  initial  ansfular 
velocities. 

11.  A  circular  disc,  capable  of  motion  about  a  vertical 
axis  through  its  centre  perpendicular  to  its  plane,  is  set 
in  motion  with  angular  velocity  12,  and  at  a  point  very  near 
the  centre  of  the  disc  is  placed  a  rough  uniform  sphere ; 
shew  that  when  the  sphere  leaves  the  disc,  the  angular  velo- 
city of  the  disc  is 

Tmn 

7m  +  4il/ ' 
31,  m  being  the  masses  of  the  sphere  and  disc. 

12.  A  ball  spinning  about  a  vertical  axis  moves  on  a 
smooth  table  and  impinges  directly  on  a  perfectly  rough  ver- 
tical cushion  ;  shew  that  the  vis  viva  of  the  ball  is  diminished 
in  the  ratio  10e^  +  14tan'^  :  10 +  49  tan"  ^,  where  e  is  the 
elasticity  of  the  ball  and  6  the  angle  of  reflexion. 

13.  A  billiard  ball,  of  radius  a,  rolling  in  a  straight  line 
with  velocity  V,  and  rotating  with  angular  velocity  w  about 
a  vertical  diameter,  strikes  a  cushion  at  an  angle  a.  The  co- 
efficients of  normal  and  frictional  elasticity  between  the  ball 
and  cushion  are  the  same,  and  the  friction  is  sufficient 
to  prevent  sliding,  the  table  being  supposed  smooth.  Shew 
that  whatever  be  the  elasticity,  the  ball  after  impact  will 
return  along  its  former  path,  if 

2aiv  =  5  Fcos  a. 

14.  Shew  that  if  the  table  be  rough  in  the  last  question, 
and  the  coefficients  of  normal  and  frictional  elasticity  be  the 
same  for  the  table  as  for  the  cushion,  and  the  ball  be  rolling 
without  sliding  when  it  impinges,  the  condition  for  the 
same  thing  will  be 

2aw  =  7  Fcos  a. 

15.  A  billiard  ball  at  rest  on  a  table  receives  a  blow  in 
a  given  direction :  supposing  the  table  to  be  so  inelastic  that 
the  ball  does  not  rebound,  prove  that,  if  the  coefficient  of  im- 
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pulsive  friction  /i  =  a/ ^ ,  the  ball  will  begin  to  roll  without 

sliding,  provided  that  the  point  w^here  the  ball  is  struck  lies 
between  two  certain  circles  on  the  surface  of  the  ball,  whose 
planes  are  equidistant  from  its  centre  and  one  of  them  hori- 
zontal. Determine  also  the  limits  within  which  the^  blow 
must   be  delivered,  in  order  that  there  jnay  be  no   initial 

sliding,  when  fi  is  greater  or  less  than  a  /  ^  • 

If  the  ball  be  so  struck  that  it  begins  to  slide  as  well  as 
roll,  prove  that,  when  its  sliding  motion  is  destroyed  by 
friction,  its  ultimate  direction  and  velocity  will  be  the  same 
as  if  the  friction  had  been  sufficient  to  cause  it  to  roll  with- 
out sliding  at  first :  the  coefficients  of  finite  and  impulsive 
friction  being  supposed  to  be  equaL 

16.  Every  particle  of  a  sphere  of  radius  a,  which  is 
placed  on  a  fixed  perfectly  rough  sphere  of  radius  c,  is 
attracted  to  a  centre  of  force,  on  the  surface  of  the  fixed 
sphere,  w4th  a  force  varying  inversely  as  the  square  of  the 
distance ;  if  it  be  placed  at  the  extremity  of  the  diameter 
through  the  centre  of  force  and  be  then  slightly  displaced, 
determine  its  motion  ;  and  shew  that  when  it  leaves  the 
fixed  sphere  the  distance  of  its  centre  from  the  centre  of  force 
is  a  root  of  the  equation 

20^'  -  13  (2c  +  a)  X"  +  7a  (2c  +  cif  =  0. 

17.  A  rough  cylinder  of  mass  2?z??i,  capable  of  motion 
about  its  horizontal  axis,  has  a  particle  of  mass  m  and  co- 
efficient of  friction  jjl,  placed  on  it  vertically  above  the  axis. 
The  system  is  then  disturbed.  Find  the  motion  and  shew 
that  the  particle  will  slip  on  the  cylinder  after  it  has  moved 
through  an  angle  6  given  by  the  equation 

{ii  +  3)  /L^  cos  6  —1^  —  n^in6  =  0. 

Find  the  subsequent  motion  until  the  particle  leaves  the 
cylinder. 


CHAPTER  VII. 

ON   CERTAIN   GENERAL   PRINCIPLES. 

88.  The  product  of  the  mass  of  any  moving  particle 
into  its  velocity  is  called  the  inomentum  of  the  particle. 

The  momentum  of  a  body  or  collection  of  bodies  is  the 
sum  of  the  momenta  of  all  the  particles  of  the  system. 

The  momentum  of  a  particle  resolved  in  any  direction  is 
the  product  of  the  mass  into  the  resolved  part  of  the  velocity 
in  that  direction. 

The  momentum  of  a  body  or  system  of  bodies  resolved  in 
any  direction  is  the  sum  of  the  momenta  of  all  the  particles 
resolved  in  that  direction. 

The  moment  of  the  momentum  of  a  particle  round  any  line 
is  the  product  of  the  momentum  of  the  particle  resolved  per- 
pendicular to  the  line  into  the  least  distance  between  the 
line  and  the  direction  of  motion  of  the  particle.  This  is 
sometimes  called  the  angular  momentum  of  the  particle  about 
the  line. 

The  moment  of  momentum  of  a  bod}^  or  system  of  bodies 
about  any  line  is  the  sum  of  the  moments  of  momentum  of 
the  several  particles  of  the  system  about  that  line.  Tliis  is 
sometimes  called  the  angular  momentum  of  the  body  about 
the  line. 

89.  The  first  principle  is  that  of  Conservation  of  Linear 
Momentum,  and  may  be  enunciated  as  follows : 
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If  a  system  of  particles  be  acted  on  by  forces  the  sum  of 
whose  resolved  parts  in  any  given  direction  vanishes,  then  the 
momentum  of  the  system  resolved  in  that  direction  is  con- 
stant. 

In  the  case  supposed,  if  the  given  direction  be  taken  as 
axis  of  X,  we  have  by  the  first  equation  of  (1)  of  Art.  2.3 

2m^  =  0; 


dx 
It 


whence  Sni-j-  =  constant (1), 


which  proves  the  proposition. 

The  result  of  Art.  26  may  be  compared  with  this  prin- 
ciple, and  deduced  from  it  as  a  particular  case. 

90.  The  second  priuciple,  that  of  the  Conservation  of 
Moment  of  Momentum,  or,  as  it  was  formerly  called,  the  Con- 
servation of  Areas,  may  be  enunciated  as  follows  : 

If  a  system  of  particles  be  acted  on  by  forces  whose 
resultant  has  no  moment  round  any  fixed  straight  line,  the 
moment  of  the  momentum  of  the  system  round  this  line  is 
constant. 

For  if  this  line  be  taken  as  the  axis  of  z,  by  the  last  of 
the  equations  (2)  of  Art.  23, 

^      /    dhf        d\v\ 

whence,  by  integration, 

Sm  (^^  —  2/ "77)  =  constant  = /ig (2). 

Now  the  velocity  of  the  particle  m  resolved  perpendicular 
to  the  axis  of  z  consists  of  -77  parallel  to  Ox  and  ^  parallel  to 

Oy.     The    moments  of  these    resolved  parts  round  Oz  are 

^.     ,  dx       ,      dii       ^  ,,         f    dy        dx\ 

respectively  —y-r.  ^i^d  x  -^ .     Consequently  ^^M  ^  777  "  2/ 77:  ) 

is  the  moment  of  the  momentum  of  m  round  the  axis  of  z, 
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(fill  Ci  ^\ 

^~j.—y-ji]  is  the  moment  of  the  momentum  of 

the  system  round  the  axis  of  ^. 

In  the  apphcation  of  both  of  these  piinciples  the  internal 
actions  between  the  different  bodies  of  the  system  may  be 
omitted  from  consideration  in  virtue  of  the  general  principle 
that  the  action  and  reaction  between  any  two  bodies  wdiether 
tending  to  give  them  translation  or  rotation  are  equal  and 
opposite.  This  will  not  be  the  case  with  regard  to  the  next 
principle. 

91.  The  product  of  the  mass  of  a  particle  into  the 
square  of  its  velocity  is  called  the  vis  viva  of  the  particle. 
The  half  of  the  vis  viva  is  called  the  kinetic  energy  of  the 
particle.  The  %)is  viva  or  kinetic  energy  of  a  body  or  system 
of  bodies  is  the  sum  of  the  vires  vivce  or  kinetic  energies 
respectively  of  the  several  particles  of  the  system. 

Let  us  suppose  that  the  forces  acting  on  the  several 
particles  of  a  system  depend  only  on  the  position  of  the 
particles  and  always  have  the  same  value  when  the 
particles  return  to  the  same  positions.  Let  X,  Y,  Z  be  the 
resolved  parts  of  the  force  acting  on  a  particle  of  mass 
m  whose  co-ordinates  are  x,  y,  z  parallel  to  the  axes.  Then 
we  know  that  Xdx  +  Ydy  +  Zdz  is  always  an  exact  differen- 
tial of  some  function  of  x,  -?/,  z.  If  we  call  this  function 
—  U,  so  that  Xdx-\-Ydy +  Zdz  =  —  dU,  mU  is  called  the 
potential  energy  of  the  particle. 

The  potential  energy  of  the  body  or  system  of  bodies  is 
the  sum  of  the  potential  energies  of  the  different  particles. 

92.  The  third  principle,  that  of  Conservation  of  Energy, 
may  be  enunciated  as  follows  : 

If  a  system  of  particles  be  in  motion  under  the  action  of 
any  conservative  system  of  forces,  that  is  of  forces  which 
depend  only  on  the  position  of  the  particles,  then  throughout 
the  motion  the  sum  of  the  kinetic  and  potential  energies  of 
the  system  is  constant. 

This  principle  is  sometimes  called  the  Principle  of  Vis 

Viva. 
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93.  By  D'Alembert's  principle  the  impressed  forces 
acting  on  the  particles  of  the  body  are  in  equilibrium  with 
the  reversed  effective  forces.  Hence  if  Sx,  81/,  hz  be  any 
displacements  of  the  particle  m  at  {x,  y,  z)  parallel  to  the 
axes,  consistent  with  the  geometrical  conditions  of  the 
system,  by  the  Principle  of  Virtual  Velocities  we  have 


since 


'f)8y+(z- J)&}  =  0...(3), 

-(^-S)'™(^-S)'™(^-S) 


are  the  forces  acting  on  the  particle  m  in  the  directions  of  the 
displacements  hx,  81/,  8z. 

Now   among   the  possible  values  for  8x,  81/,  8z  are  the 

actual  displacements  -j-  8t,  -^  8t,  -j-  8f  of  the  particle  m  during 

an  indefinitely  small  time  8t.     If  we  consider  them  to  have 
these  values,  we  may  deduce  as  one  result  of  (3) 

or,  if  V  be  the  velocity  and  mil  the  potential  energy  of  the 
particle  m, 

whence,  by  integration, 

■|-^W2V^  + Switr=  constant    (4), 

which  proves  the  principle. 

94.  These  principles  give  nothing  beyond  what  may  be 
deduced  from  the  equations  of  motion  of  any  body  to  which 
they  apply.  They  often  guide  us  to  integrals  of  those  equa- 
tions wdiich  without  their  help  might  be  difficult  to  find,  and 
occasionally  give  us  all  the  results  we  require.  A  large 
number  of  the  forces  acting  on  the  bodies  of  the  system  will 
not  come  into  either  of  these  equations.  It  has  been  already 
remarked,  that  all  the  internal  actions  between  the  different 
parts  of  the  system  are  to  be  omitted  from  consideration  in 
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the  equations  of  Conservation  of  Momentum  and  of  Moment  of 
Momentum.  This  is  true  even  if  impulsive  actions  or  explo- 
sions and  disruptions  of  a  mechanical  nature  take  place  during 
the  motion. 

In  the  equation  of  the  Conservation  of  Energy  all  forces 

may  be    omitted  whose  points  of  application  either  remain 

unchanged  during  the  motion,  or  are  always  displaced  in  a 

direction  perpendicular  to  the  line  of  action  of  the  force. 

doc  ciii         (iz 

For   all    such  forces  as   these  X -^ -\- Y -~- -\- Z -j  obviously 

vanishes.  All  mutual  actions  between  two  parts  of  the  sys- 
tem whose  distances  remain  unaltered  may  also  be  omitted, 
for  it  is  evident  that  the  action  and  reaction  will  in  this  case 

ci  OG  (111  (1  z 

give  equal  and  opposite  values  of  X-y-  4-  Y~  +  Z~j-.    Forces 

(to  CtL  Cut 

between  mutually  attracting  particles  whose  distance  can  vary 
will  obviously  however  form  part  of  the  potential  energy. 

95.  In  order  to  apply  any  of  these  principles  to  the 
solution  of  problems  we  must  investigate  the  calculation 
of  the  kinetic  energy  and  moment  of  momentum  of  a  body 
moving  in  any  manner. 

We  will  first  prove  that  the  kinetic  energy,  and  likewise 
the  moment  of  momentum  of  any  rigid  body,  consists  of  two 
parts,  one  due  to  the  motion  of  translation  of  the  centre  of 
inertia  and  equal  to  what  would  be  its  value  if  the  whole 
mass  were  collected  at  that  point;  the  other  due  to  rotation 
round  that  centre,  whose  value  is  the  same  as  if  that 
centre  were  stationary. 

Let  X,  y,  z  be  the  co-ordinates  of  any  point  referred 
to  axes  fixed  in  space ',  x,y,z  the  co-ordinates  of  the  centre 
of  inertia  referred  to  the  same  axes;  x,  y\  z  the  co-ordinates 
of  the  point  {x,  y,  z)  referred  to  parallel  axes  through  the 
centre  of  inertia. 

Then  x  =  x-{-x',  y  =  Jl  +  y',  z  =  z  +  z. 

Also  '^mx  =0,    'Zmy'  =  0,   S'mz'  =  0  (1), 

by  the  properties  of  the  centre  of  inertia ; 

therefore         ^??i-r-  =  0,  Sm    /r  =  0,  2m  -  7-  =  0 (2). 

at  (it  (it 
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Hence  the  kinetic  energy  of  the  system  ^         ^  \ 

,„     (fix     dxX     (dy     dyV     fdz     fZ^Y'l  "^-^ 

dx  ^     dx      dii  ^     dy'     dz  ^     c?i 


+  i2».^f'^)+f-^Uf'-^) 


dt  dt       dt  dt      dt         dt 

'd_xV      fdyy      (dzy 

dt)  ^Ut)  ^[diJ 

if  V  be  the  velocity  of  the  centre  of  inertia,  and  v'  the  velocity 
of  {x,  ?/,  z)  relative  to  this  point.  This  proves  the  proposition 
for  the  kinetic  energy. 

Again,  the  moment  of  momentum  of  the  system  round  the 
axis  of  z 

^     (    dy        dx\ 

^^"'V^dt-^dtJ 

^      /_  dif     _  dx\      ^     f  ,  dii        ,  dx'\ 

^     f-dy     _  dx\      ^      f  ,  dii'       ,  dx'\ 

by  (1)  and  (2);  which  proves  the  pro]30sition  for  the  moment 
of  momentum.  These  results  may  be  compared  with  those  of 
Art.  32. 

96.     The  latter  part  of  each  of  these  expressions  can  be 
reduced  by  means  of  the  formulae  (8)  of  Art.  7. 
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The  portion  of  the  kinetic  energy  due  to  rotation  round 
the  centre  of  inertia  becomes  thus, 

if  6)3.,  ft)^,  0)^  be  the  angular  velocities  round  the  axes. 
This  reduces  to 

1  {co^tm  (f  +  z")  +  w/Sm  {z"  +  x")  +  co^tm  {x"  +  y") 

—  2(OyO)^my'z'  —  ^w.w^^mz'x  —  2(d  j4>  ,^mx' y'} 
=  i  {^«.'  +  BcD^  +  Oo)/  -  2^'a)^a),  -  WcDM,  -  2C'co,co^}, 
with  the  notation  of  Art.  34, 
=  J  /o)"  by  the  same  Article, 

where  I  is  the  moment  of  inertia  about  the  instantaneous 
axis   and    w   the   resultant   angular  velocity,  the  direction - 


cosines  of  the  instantaneous  axis  beinsf  — ? ,  — ^ 


&)„      CO..      CO^ 


CO         CO        CO 


It  follows  from  this  result  that  equation  (4)  of  Art.  71  is 
merely  the  expression  of  the  principle  of  Conservation  of 
Energy  in  that  particular  problem. 

97.  The  portion  of  the  moment  of  momentum  round 
the  axis  of  z  due  to  rotation  round  the  centre  of  inertia  is 

^      /  ,  dy'        ,  dx'\ 
V     dt      '^   dtl 

=  tm  [x  (oj'a),  -  z'co^)  -  y'  {z'co^  -  y'co^] 

=  co,Sm  [x"^  +  y'^)  —  coJZiny'z  —  co^  %mzx' 

=  Cco,  —  A'co,,  —  B'co... 


and  similar  results  for  the  moment  of  momentum  round  the 
other  axes. 

If  the  axes  be  principal  axes  the  moments  of  momentum 
round  the  axes  reduce  to  j4co^,  Bco^  and  Cco^  respectively. 

98.     If  /,  m,  n  be  the  direction-cosines  of  any  line  OP, 
the  moment  of  momentum  of  the  body  round  this  line  will 
be  equal  to  Ih^  +  mh^  +  nJi^,  v.'heie  7?^, // 2,  7^3  are  the  moments   j 
of  momentum  round  the  axes.     This  follows  from  the  fact 


J 
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that  the  moment  of  momentum  of  a  particle  of  mass  yu,,  round 

dA 
any  line  as  the  axis  of  z,  can  be  expressed  as  2yL6  — - ,  where 

A  is  the  sectorial  area  described  by  the  projection  of  the 
particle  on  the  plane  of  ijci/  round  the  origin.  Thus  the 
portions  of  h^St,  h.^St,  h^H  arising  from  the  motion  of  this 
particle  are  ultimately  the  products  of  /jL  into  the  projections 
on  the  co-ordinate  planes  of  the  area  of  the  triangle  whose 
angular  points  are  the  origin  and  two  consecutive  positions  of 
the  particle,  and  the  projection  of  this  triangle  on  the  plane 
perpendicular  to  the  line  OF  multiplied  by  /x,  will  give  the 
corresponding  terms  in  {l}\  +  mh^  +  nh^)  St. 

99.  The  result  of  the  last  article  can  also  be  proved 
analytically  in  the  following  manner. 

Let  a  new  set  of  fixed  rectangular  co-ordinate  axes  be 
taken,  of  which  OP  is  one;  and  let  l',  m\  n  ;  X' ,  m",  n  be  the 
direction-cosines  of  the  other  two.  Let  x  ^  y\  z  be  the 
co-ordinates  of  the  point  (^,  y,  z)  with  reference  to  these  new 
axes. 

Hence  y  =  I'oo  +  my  +  nz 

t     111     ,      II     ,     II 
z=tx-\-my  +  nz. 

Hence 
,dz'        ,dy'      ,,,     ,      ,     ,  f„dx         „dy       „dz\ 


,dz^ 


/7"  ,  "  ,  II     \    I  Jl  ^"^     1  '   ^cf 

=  (r»r-rw,(4f-/|) 

/    dii        dx\      ,  /    dz        dii\  ,       / 


dx        dz^ 
dt         dtj 


by  means  of  the  usual  relations  between  I,  m,  n,  /',  m,  n, 

111      I'     II 
t  ,  m  ,  n  . 

This  proves  the  proposition  for  one  particle,  and  by  sum- 
mation it  follows  for  the  \vhole  system. 

A.  D.  6 
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100.  If  a  body  be  moving  about  a  fixed  point  and  h^,  \,  h^ 
be  at  any  time  the  moments  of  momentum  about  the  co- 
ordinate axes,  the  equations  of  motion  can  be  written 

at  at  at 

If  the  forces  acting  have  no  moment  about  the  fixed  point 
so  that  L,  M,  W  all  vanish,  it  follows  that  k^,  h^,  h^  are  all 
constant  in  value.  Thus  the  moment  of  momentum  round 
any  line  fixed  in  space  will  be  also  constant. 

If  we  assume  a  quantity  H=  Jh^^  +  h^ -\-h^,  there  will 

be  a  line  whose  direction-cosines  are  ~,  -y^,  -A  ,  and  if  6  be 

Jd    £1    Jj. 

the  angle  between  this  line  and  any  other  line  whose  direc- 
tion-cosines are  I,  m,  n  ;  the  moment  of  momentum  of  the 
body  round  this  second  line  =  Ih^  +  mh^  -f-  nh^ 

=  H  cos  0. 
Hence  the  moment  of  momentum  round  the  line  (l^,  m^,  n^ 
is  always  less  than  H  except  when  6  =  0.  The  line  whose 
direction-cosines  are  proportional  to  h^,  h^,  li^  has  therefore  the 
property  that  the  moment  of  momentum  round  it  is  greater 
than  that  round  any  other  axis. 

It  is  obvious  firstly  that  this' line  is  fixed  throughout  the 
motion,  and  secondly  that  it  is  the  same  line  whatever  axes 
may  be  taken. 

101.  If  the  axes  at  any  instant  coincide  with  the  princi- 
pal axes  at  the  fixed  point,  by  Art.  97,  h,^  =  Aco^,  h,^  =  Bco^, 
^3  =  Cco^.  Hence  the  line  round  which  the  moment  of 
momentum  is  a  maximum,  coincides  with  the  invariable  line 
of  Arts.  72,  73.  We  thus  obtain  another  proof  of  the 
invariability  of  this  line  in  space. 

We  see  also  that  equation  (5)  of  Art.  71  is  merely  the 
expression  of  the  result  given  by  the  law  of  Conservation  of 
Moment  of  Momentum. 

102.  The  proposition  of  Art.  100  applies  to  the  motion 
of  a  system  of  bodies  acted  on  only  by  their  mutual  attractions 
or  repulsions.  In  every  such  system  by  Art.  26,  the  centre 
of  inertia  is  either  fixed  or  moves  with  uniform  velocity  in  a 
straight  line. 
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If  this  point  be  taken  as  origin  the  equations  of  motion 
are  the  same  in  form  as  if  it  were  a  fixed  point,  and  in  virtue 
of  the  principle  that  action  and  reaction,  whether  they  are 
linear  or  angular  in  their  mechanical  tendencies,  are  always 
equal  and  opposite,  L,  J/ and  N  all  vanish  for  the  whole  system. 
Hence  the  moment  of  momentum  of  the  system  round  any  line 
through  the  centre  of  inertia  remains  constant  through  the 
motion  :  and  there  is  one  line  round  which  this  moment  is 
greater  than  round  any  other.  This  line  is  called  the  invari- 
able line  of  the  system,  and  a  plane  through  the  centre  of 
inertia  perpendicular  to  it  is  called  the  invariable  plane. 

103.  The  principles  of  Conservation  of  Momentum  and 
of  Moment  of  Momentum  hold  good  even  if  there  be  any  im- 
pulsive actions,  or  if  any  explosive  actions,  entirely  arising 
within  it,  take  place  between  the  parts  of  the  system  during 
the  motion. 

104.  In  the  case  of  a  single  body  moving  in  a  plane  the 
expressions  for  the  kinetic  energy  and  moment  of  momentum 
are  somew^hat  simplified. 

Let  us  take  the  plane  of  motion  as  plane  of  xy  and  let 
X,  y  be  the  co-ordinates  of  the  centre  of  inertia.  Let  also  6 
be  the  angle  w^hich  some  line  fixed  in  the  body  makes  with 
the  axis  of  x,  M  the  mass  of  the  body,  and  ]\lk^  its  moment 
of  inertia  round  a  line  through  the  centre  of  inertia  perpen- 
dicular to  the  plane  oixy,  which,  if  the  body  be  a  plane  lamina, 
or  symmetrical  with  respect  to  the  plane  of  xy^  is  a  principal 
axis  (Arts.  38,  40).  Then,  by  Articles  95  and  96,  the  kinetic 
energy  of  the  body  can  be  expressed  as 

w'l(S)'+(f  )]**"'■©■ <"■ 

while,  by  Articles  95  and  97,  the   moment   of  momentum 
round  a  line  perpendicular  to  the  plane  of  xy  will  be 

_'_^i-t--y%^'< ; ^^)- 

If  the  position  of  the  centre  of  inertia  be  given  by  polar 
co-ordinates  r  and  (/),  we  know  that 

K*^)' 


(' 


6—2 
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—  dy     _dx 


X 


.(4), 


dt      ^  dt  dt 

wliich  give  ns  other  forms,  sometimes  more  convenient,  for 
the  kinetic  energy  and  moment  of  momentum. 


105.  As  an  instance  of  the  application  of  these  principles 
let  us  take  the  following  problem. 

Two  uniform  rods  AB,  BG  jointed  at  B  can  rotate  freely 
in  a  horizontal  plane  about  the  end  A  which  is  fixed.  It  is 
required  to  find  the  positions  and  velocities  of  the  rods  at  any 
time. 


Let  AB,  BC  make  angles  6,  cj)  with  some  fixed  line  Ax  at 
the  time  t,  and  let  os',  y  be  the  co-ordinates  of  the  middle 
point  of  BGy  referred  to  Ax  and  a  line  perpendicular  to  it 
through  A  as  axes.  Let  ^^=  2a,  BG  =  1h\  let  M,  31'  be  the 
masses  of  the  rods,  and  k,  k'  their  radii  of  gyration  about 
their  centres  of  inertia.  Then  the  actions  of  the  rods  on 
each  other  at  B,  and  the  action  of  the  fixed  point  at  A  will 
not  affect  either  the  energy  or  the  moment  of  momentum. 
Hence  by  the  principle  of  Conservation  of  Energy, 


ii/(.^+F)(f)V^/'{( 


dxV    fdyV 


+  M'k'^  [—t]  =  constant. 
\atj 


Also  by  the  Conservation  of  Moment  of  Momentum, 


3I{a'  +  Ji^)j^+]\rL 


,  dy 


-y 


d<f> 


+  M'k'^  -^  =  constant. 


dx] 
dt      ^    dt  J    '  ^'^  "^    dt 

The  values  cf  the  constants  must  be   determined  from 
initial  circumstances. 
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From  the  geometry  we  obtain 

X  =  2a  cos  6  +  h  cos  cf), 
y  =  2a  sill  0  +h  sin  <p, 
whence 


'  ^IWJ  =4^M;^)  +^M^:^)  +4a&cos(c/>-^)  ^ 


,  dy'       ,  dx 
""  dt~^dt 


=  4a' 


de 

dt 


+ 


4^2..cos(,-.,g4t). 


Thus  the  two  equations  above  enable  us  to  determine 
-Y2  and  ~  in  terms  of  constants  and  (</>  —  6). 

106.  It  may  not  be  without  value  to  the  student  to 
solve  the  above  problem  by  the  use  of  the  general  equations 
of  motion. 


We  may  assume  that  the  action  of  the  fixed  point  A  on 
AB  has  for  components  parallel  to  the  axes  X',  Y',  and  that 
the  action  of  J. ^  on  5(7  at  B  has  for  components  in  the  same 
directions  X,  T.  The  action  of  BG  on  AB  is  exactly  equal 
and  opposite  to  that  of  AB  on  BC.  Let  x,  y  be  the  co-ordi- 
nates of  the  centre  of  inertia  of  AB,  and  let  other  quantities 
be  denoted  as  in  the  last  article.  Then  by  equations  (2)  of 
Art.  79,  we  have  for  the  motion  of  the  centre  of  inertia  of  AB, 


M^  =  X' 

df 


^. 


X. 


df     ^ 


■(1), 
■(2), 
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and  by  equation  (1)  of  the  same  article 

i/^^2^=(X+Z> sin  6>-(F+  r)acos<9 (3). 

The  geometrical  relations  give 

x  =  a  cos  0,    y  =  a  sin  6 (4). 

We  may  notice  that  by  equation  (6)  of  Art.  52,  since  A  is 
a  fixed  point  we  can  at  once  write  down  the  equation 

i/(a'  +  F)^=Xasinl9-racos6' (5), 

which  may  replace  (1),  (2)  and  (3)  if  we  do  not  wish  to  find 
the  values  of  X'  and  Y'.  Equation  (5)  can  also  be  obtained 
from  (1),  (2)  and  (3)  by  eliminating  JC' and  Y'  since  by  means 
of  (4)  it  is  easil}^  proved  that 

For  the  motion  of  B  Q,  we  similarly  have 

J/'Jr=X (6), 


^^%=^'- (^)' 

JfT^^f  =  X6sin<^-76cos<^...(8), 


and  for  oreometrical  relations 


fc> 


X  =  2a  cos  ^  +  5  cos  (/>,    ?/'  =  2a  sin  ^  +  6  sin  <^ (9). 

107.     If  we  multiply  (1)  by  J,  (2)  by  J,  (3)  by  J  , 

(6),  (7)  and  (8)  ^J  ^  >    i!r  ^^^^  '^  respectively  and  add  all 

the  results,  the  coefficients  of  X' ,  Y\  X,  and  Y  will  vanish 
identically  by  means  of  (4)  and  (9).  The  coefficient  of  X  for 
instance  is 

dx  .     ^dO      dx      ^    .     ,  dxb 
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=  a  Sin  ^  ^-  +  a  sm  ^  -;-  -  2a  sm  6^  ^  —  6  sm  6  -J 
dt  dt  dt  ^  dt 

-T  h  sin  (j)  ~j~  =  0, 

by  differentiating  the  first  equations  of  (4)  and  (9). 
Hence 

[dfdt'^dftt'^       Wdt]^       {dfHt'^^ftt^      l[f~dt]~ 
Therefore  integrating 

'ISWJ)"-"(f)'K*-''1(S>(l^'-S)}=— ■ 

which  is  the  same  as  the  first  equation  of  Art.  105. 

Multiplying  (1)  by  —  y,  (2)  by  x,  and  adding  to  (3)  we 
get  in  virtue  of  (4) 

Treating  (6),  (7)  and  (8)  similarly,  we  get  by  means 
of  (9), 

And  by  adding  these  and  integrating  we  get  the  second  equa- 
tion of  Art.  105.  This  problem  may  serve  as  an  example 
of  the  method  of  deducing  the  equations  of  conservation  of 
energy  and  moment  of  momentum  from  the  regular  equa- 
tions of  motion  in  any  cases  in  which  the  principles  apply. 

108.  It  only  remains  to  show  how  the  constants  may  be 
determined  from  initial  conditions. 

Suppose  as  an  instance  that  the  rods  are  originally  lying 
at  rest  in  a  straight  line,  and  that  an  impulse  P  is  applied  to 
the  middle  point  of  5(7  at  right  angles  to  its  length.  There 
will  be  a  sudden  impulsive  action  between  AB  and  BC  Sit  B 
and  also  a  sudden  impulsive  action  at  A  on  AB.  Let  these 
act  as  represented    in  the  figure.     Let  it,  v  be  the  initial 
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velocities  of  the  centre  of  inertia  of  BC  along  and  perpen- 
dicular to  BG,  u,  V  those  of  the  centre  of  inertia  of  AB,  and 
let  CO,  co'  be  the  initial  angular  velocities  of  AB  and  BG. 
Then  by  Articles  28  and  ()4  we  have  for  the  motion  of  AB, 


-sr 


jr 


JB 


-^ — 


^j^ 


Mu^X' --  Z,     Mv^Y-^  T,    Mh'ay  =  ( Y-  F)  a. . .(1) ; 
and  for  the  motion  of  BG, 

M'u'  =  X,    Mv'^P-Y,     ]\rk''co'=Yb (2). 

Also  the  velocity  of  the  point  A  vanishes,  whence  by 
Art.  8, 


u  =  0     V  —  aco  =0 


(3). 


And  the   velocity  of  the  point  5  in  ^jB  is   the   same 
as  that  of  the  point  B  of  BG,  whence 

u  =  II ,  V  +  aco  =  v'  —  hco   (4). 

These  equations  give  at  once 

and     by   substituting    for   v,    v,   co,    co'   their    values   from 
(1)  and  (2)  in  (3)  and  (4)  we  get 

Yj^Y'-^,{Y-  Y')=0 

r+r  +  |-;(r-r)    p-y-^,y 


M 


M' 


whence  Fand  F'are  found,  and  then  co  and  co  which  are  the 

initial  values  of  -r  and  — ^.    The  constants  on  thericfht-hand 

dt  dt  ^ 

sides  of  the  equations  in  Art.  105  can  then  be  determined. 
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A  similar  investis^ation  will  determine  the  aiicjular 
velocities  if  the  rods  be  originally  moving  in  any  manner  and 
strike  against  a  fixed  obstacle;  or  if  one  point  becomes  fixed. 
The  reactions  at  the  fixed  point  are  unknown,  but  the 
geometrical  condition  of  the  point  being  fixed  will  supply  the 
other  equations  necessary  for  determining  them. 


EXAMPLES.     CHAPTER  Vll. 

1.  A  straight  tube  of  given  length  is  capable  of  turning 
about  one  extremity  in  a  horizontal  plane;  a  particle  of  mass 
one-third  that  of  the  tube  is  placed  at  a  given  point  within 
it  at  rest,  an  angular  velocity  is  given  to  the  system,  deter- 
mine the  velocity  of  the  particle  on  leaving  the  tube. 

2.  A  horizontal  tube  is  rotating  about  its  middle  point 
P  in  a  horizontal  plane  in  whicb  it  is  constrained  to  move;  a 

rod  of  equal  length  and  mass  is  shot  into  it;  determine  the 
initial  velocity  of  the  rod  that  its  middle  point  may  just 
reach  that  of  the  tube;  and  during  the  motion  determine  at 
|p   what  point  the  resultant  action  between  the  two  acts. 

3.  A  heavy  circular  disc  is  revolving  in  a  horizontal 
plane  about  its  centre,  which  is  fixed.  An  insect  walks  from 
the  centre  uniformly  along  a  Certain  radius,  and  then  flies 
away.     Determine  the  whole  motion. 

4.  A  circular  disc  is  moving  uniformly  with  an  angular 
velocity  II,  about  an  axis  through  its  centre  perpendicular  to 
its  plane.  An  insect  alights  on  the  edge  and  crawls  along  a 
curve  drawn  on  the  disc  in  the  form  of  a  lemniscate,  with 
uniform  relative  angular  velocity  a,  the  curve  touching  the 
circle.  If  a  =  J  II,  and  mass  of  insect  =  yV  mass  of  disc,  then 
the  angle  turned  through  by  the  disc  when  the  insect  arrives 
at  the  centre  is  equal  to 

77*-     3-4- 
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5.  A  rough  horizontal  plane  lamina  is  capable  of  ro- 
tating freely  round  a  vertical  axis.  If  a  heavy  particle  of 
mass  m  be  placed  at  any  point  upon  it,  and  an  angular 
velocity  co  be  given  to  the  plane,  show  that  the  length  of  the 
arc  traversed  by  the  particle  on  the  plane  when  it  just  comes 

to  rest   relatively  to  the  plane  will  be       —  co  {(o  —  co') ;  co' 

being  the  ultimate  angular  velocity,  Mk^  the  moment  of 
inertia  of  the  lamina  about  the  axis  of  revolution,  and  /jl  the 
coefficient  of  friction. 

6.  Three  equal  rods  placed  in  a  straight  line  are  jointed 
by  hinges  to  one  another,  they  move  with  a  velocity  v  per- 
pendicular to  their  lengths:  if  the  middle  point  of  the 
middle  one  become  suddenly  fixed,  show  that  the  extremities 

of  the  other  two  will  meet  in  time  -7^ — ,  a  beino^  the  leno^th 

vv 

of  each  rod. 

7.  Three  equal  uniform  inelastic  rods  loosely  jointed 
together  are  laid  in  a  straight  line  on  a  smooth  horizontal 
table,  and  the  two  outer  ones  are  set  in  motion  about  the 
ends  of  the  middle  one  with  equal  angular  velocities  (1)  in 
the  same  direction,  (2)  in  opposite  directions,  prove  that,  in 
the  first  case,  when  the  outer  rods  make  the  greatest  angle 
with  the  direction  of  the  middle  one  produced  on  each  side, 

the  common  angular  velocity  of  the  three  is  -^ ,  and  in  the 

second  case,  that  after  the  impact  of  the  two  outer  rods,  the  tri- 
angle formed  by  them  will  move  with  uniform  velocity  equal  to 

— i^ ,  2a  being  the  length  of  each  rod. 
o 

8.  AB,  BC  are  two  equal  uniform  rods  in  a  straight  line, 
loosely  jointed  at  B  and  moving  with  the  same  velocity  in  a 
direction  perpendicular  to  their  length;  if  the  end  A  be 
suddenly  fixed,  show  that  the  initial  angular  velocity  of  AB 
is  three  times  that  of  BG.  Also  show  that  in  the  subsequent 
motion  of  the  rods  the  greatest  angle  between  them  equals 
cos"^  |,  and  that,  when  they  are  next  in  a  straight  line,  the 
angular  velocity  of  i? (7  is  nine  times  that  of  AB. 


J 


EXAMPLES.      CHAPTER  VII.  91 

9.  A  wire  in  the  form  of  a  circle  is  capable  of  revolving 
in  a  horizontal  plane  about  a  fixed  point  in  its  circumference, 
and  two  small  rings  attached  to  the  ends  of  a  rod  slide  upon 
it;  the  wire  is  set  rotating  with  a  given  angular  velocity: 
determine  the  subsequent  motion. 

10.  A  square,  formed  of  four  similar  uniform  rods 
jointed  freely  at  their  extremities,  is  laid  upon  a  smooth 
horizontal  table,  one  of  its  angular  points  being  fixed;  if 
angular  velocities  to,  &>'  in  the  plane  of  the  table  be  com- 
municated to  the  two  sides  containing  this  angle,  show  that 
the  greatest  value  of  the  angle  (2a)  between  them  is  given  by 

xi  X-  «  0   ((0—(0) 

the  equation,  cos  Za  =  —  -^  — ^ ^. 

O   ft)    +  O) 

11.  A  rectangle  is  formed  of  four  uniform  rods  of 
lengths  2a  and  2b  respectively,  which  are  connected  by 
hinges  at  their  ends.  The  rectangle  is  revolving  about  its 
centre  on  a  smooth  horizontal  plane  with  an  angular  velocity 
CO,  when  a  point  in  one  of  the  sides  of  length  2a  suddenly 
becomes  fixed.     Show  that  the  angular  velocity  of  the  sides 

of  lenofth  26  immediately  becomes  ^ tt  o).     Find  also  the 

change  in  the  angular  velocity  of  the  other  sides,  and  the 
impulsive  action  at  the  point  which  becomes  fixed. 

12.  A  uniform  rod  is  nioveable  freely  about  one  end  on 
a  horizontal  table,  and  the  other  is  fastened  to  a  particle  of 
equal  mass  by  a  string  of  equal  length  with  the  rod.  Initially 
the  rod  and  string  are  in  one  straight  line,  the  particle  at 
rest,  and  the  rod  has  an  angular  velocity  given  to  it.  Show 
that  when  thev  are  ao^ain  in  a  straio'lit  line,  the  anovular 
velocity  of  the  string  is  to  that  of  the  rod  as  5  :  4  and  the 

greatest  angle  between  the  string  and  rod  is  cos~^  ^      ^ . 

13.  Two  uniform  rods  OA,  AB  of  lengths  2a,  2b  and  of 
masses  proportional  to  their  lengths  are  hinged  at  A  and  are 
rotating  round  the  fixed  hinge  0  in  the  same  straight  line 
and  with  the  same  angular  velocity  when  the  outer  AB 
comes  against  an  obstacle  P.     If  the  position  of  this  be  such 
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as   to   reduce  both  rods  to  instantaneous  rest,  prove  that 

'  2a^  +  Qah  +  W 

14.  A  system  consisting  of  two  straight  rods  rigidly 
connected  together  at  their  points  of  intersection  is  moving 
in  its  own  plane  so  that  each  rod  is  in  contact  with  one  of 
two  smooth  pegs.  Prove  that  no  impulse  which  acts  at  the 
point  of  intersection  and  towards  the  centre  of  the  circle 
round  the  point  of  intersection  and  the  pegs  can  have  any 
effect  on  the  motion. 

15.  A  uniform  rod  of  length  2a  can  turn  freely  about 
one  extremity.  In  its  initial  position  it  makes  an  angle  of 
90^  with  the  vertical,  and  is  projected  horizontally  with 
angular  velocity  w :  show  that  the  least  angle  it  makes  with 
the  vertical  is  given  by  the  equation 

4!aco^  cos  0  =  og  sin^  6. 

16.  A  rod  of  length  2a  moveable  about  its  lower  end 
is  inclined  at  an  angle  a  to  the  vertical,  and  it  is  given  a 
rotation  co  about  the  vertical;  if  0  be  its  inclination  to  the 
vertical  when  its  angular  velocity  about  a  horizontal  axis  is  a 
maximum,  show  that 

sin^  0  .  tan 6  +  --co^ sin* a  =  0. 

17.  A  body  whose  centre  of  gravity  G  is  fixed  receives  a 

blow   P,    the   direction-cosines   of   which    are    —,:===,  0. 
^C-A'     ' 

. - ;  A,  B,  C  being  the  principal  moments  at  the  centre 

of  gravity  of  the  body.  Prove  that  the  whole  vis  viva  gene- 
rated varies  as  the  square  of  the  perpendicular  from  G  on 
the  direction  of  P. 

18.  Two  uniform  unequal  rods  AB,  BC  are  hinged  at  B 
and  supported  in  one  vertical  line  so  as  just  to  touch  a 
smooth  horizontal  plane  at  0.  The  support  is  withdrawn. 
Find  the  motion,  and  show  that  when  they  are  both  hori- 
zontal the  distance  throusfh  which  the  centre  of  BC  has 
moved  horizontally  is 

' X  half  the  difference  between  the  leno^ths. 

sum  01  masses 


CHAPTER  YIII. 


MISCELLANEOUS   PROBLEMS. 


109.  We  have  referred  all  the  motions  considered,  to 
axes  fixed  in  space,  with  the  exception  of  those  in  Articles 
66 — 77,  where  the  co-ordinate  axes  revolved  with  the  body. 
Some  problems  are  simplified  by  referring  the  motions  to 
axes  which  move  in  a  manner  independent  of  the  motion  of 
the  body,  and  we  proceed  to  investigate  a  few  of  the  principal 
formulae  relating  to  such  axes. 

110.  When  the  co-ordinates  of  a  point  referred  to  fixed 
axes  are  x,  y,  Zy  the  velocities  of  the  point  parallel  to  these 

axes  are  --r-  >  -77  .  -rr  •     This  will  no  lonofer  be  the  case  if  the 
clt     clt     dt  "= 

axes  are  moving. 

Let  l^,  m^,  n^ ;  l^,  m^,  n^ ;  Zg,  m^,  n^  be  the  direction-cosines 
of  the  moving  axes  with  reference  to  axes  fixed  in  space ;  let 
f,  77,  f  be  the  co-ordinates  of  a  point  referred  to  the  moving 
axes ;  00,  y,  z  the  co-ordinates  of  the  same  point  referred  to 
fixed  axes. 

Then  ^=^KS+hv  +  ^ 

y  =  m^^  +  m^7]  +  mg? 

,  dx      ,  d^     T  drj     T  dK     i.dL        dL     ^dL 

whence  -77  =  ^,  ^  +  ^.  -r  +  ^^  -77+  f  "7^  +  ^  V  +  ?-r 

dt       ^  dt       'dt       "-dt     ^  dt      '  dt      ^  dt 


94  MISCELLANEOUS   PROBLEMS. 

by  a  reduction  identical  with  that  of  Art.  7,  if  6^,  6^,  6^  be 
taken  to  denote  the  angular  velocities  of  the  system  of 
moving  axes  round  the  axes  of  x,  y,  z  respectively.  Now  if 
we  suppose  the  fixed  axes  so  taken  as  to  coincide  at  the 
instant  with  the  moving  axes,  the  above  equation  gives  us 

that  is  the  velocities  parallel  to  the  instantaneous  positions 
of  the  moving  axes  are'  represented  by 

where  6^,  6^,  6^  are  the  angular  velocities  of  the  system  of 
moving  axes  round  lines  which  at  any  instant  coincide  with 
the  moving  axes,  or,  in  other  words,  the  angular  velocities  of 
the  svstem  round  themselves. 

t/ 

11] .  We  have  shown  in  Art.  67  that  if  co^  and  co^  be  anoru- 
lar  velocities  of  a  rigid  body  round  lines,  one  fixed  in  space  and 
the  other  fixed  in  the  body,  which  at  any  instant  coincide,  not 

only  is  co^  equal  to  co^,  which  is  obvious,  but  also  -^.^is  equal 

,     dco. 

Let  co^,  Wy,  (o^  be  the  angular  velocities  of  the  body  at  any 
instant  round  axes  fixed  in  space,  co^,  co^,  o)^  the  angular 
velocities  round  axes  which  are  themselves  revolving;  with 
angular  velocities  6^,  0^,  6^  about  themselves,  we  have  with 
the  notation  of  the  last  article. 

Therefore 
dca,     J  day    ,   ,  dco^  ,    ,  d(o„   ,        dl.  dL  dL 

-dt  =  ^'  lit  +  '^-rff  +  '3  -ji + -.  2t  +  "^  A + <"'  -dt 

J  dco       ^  dco^      ,  dco 

=  ^^  IF ^  ^^  ^ ^  ^^  dt  "^^"^-^  *■'"'" 

by  the  same  reduction  as  before,  if  c/).^,  ^^  be  the  angular 
velocities  of  the  moving  set  of  axes  about  the  fixed  axes  of 
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y  and  z.    If  now  at  the  instant  tlie  moving  axes  coincide  with 
the  fixed  axes, 

Similarly  -^'  =  ^^^'-  O^co^  +  O^o^^, 

The  student  will  see  that  these  include  the  result  of  Art. 
67,  in  which  case         ^^  —  o^,     0^  =  w^,     6^  =  co^. 

112.  The  results  of  these  two  articles  can  be  obtained 
geometrically  more  briefly. 

Let  P  be  a  point  whose  co-ordinates  referred  to  the  moving 
axes  are  at  any  instant  ^,  tj,  f.  Let  P'  be  its  position  after  a 
time  St  and  let  f +Sf,  y  +  St),  f  +  S^"  be  the  co-ordinates  of  P'. 
Let  P"  be  a  point  whose  co-ordinates  referred  to  the  moving 
axes  after  the  interval  of  time  St  are  f,  t],  ^.  '  Then  the  pro- 
jection of  PP'  on  any  line,  as  the  axis  of  x  in  its  original 
position,  is  the  sum  of  the  projections  of  PP"  and  P"P'. 
The  projection  of  P"P'  on  this  line  is  ultimately  h^,  while 
that  of  PP",  which  is  simply  the  displacement  of  a  point 
moving  rigidly  connected  with  the  axes,  is  by  Art.  7,  equal  to 
{OJ^—O^rj)  ht.  Hence  the  whole  projection  of  PP'  on  the 
axis  of  X  is  ultimately  h^-\-  {6X—  ^^v)  ^i>  ^^^  the  velocity  of 

.    dP 
P  parallel  to  Ox  is  ^-H  O^  —  O^y  ;    similarly  the  velocities  in 

the  other  directions  can  be  obtained. 

We  have  seen  in  Art.  14  that  all  propositions  about  the 
composition  of  linear  velocities  parallel  to  given  lines,  hold 
also  in  regard  to  the  composition  of  angular  velocities  about 
those  lines,  whence  the  results  of  Art.  Ill  follow  from  those 
of  110. 

113.  The  relations  of  Art.  Ill  can  be  used  to  modify 
the  equations  of  Art.  68  in  one  case  of  not  infrequent  occur- 
rence, namely,  when  two  of  the  principal  moments  of  inertia, 
as  A  and  B,  at  the  fixed  point  are  equal.  In  this  case 
the   momental   ellipsoid  becomes  a  spheroid  and  any  axis 
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whatever  in  tlie  plane  of  ^5  is  a  principal  axis.  The  two 
axes  of  A  and  B  may  therefore  rotate  in  an}?"  manner  in  their 
own  plane  without  altering  the  conditions  on  which  the 
equations  of  Art.  68  are  obtained.  The  only  alterations  we 
shall  have  to  make,  besides  putting  B  =  A,  will  be  to  write 

-^-  —  6^(0^  for  — :r/  and  -jy  +  ^^«,  for  -,-^ ,  where  6^  is   the 
at        ^  ^  at  at         ^  ^         at  ^ 

angular  velocity  of  the  axes  of  A  and  B  round  that  of  G. 

The  equations  of  motion  thus  become 

c  '^Z'  =  ^' 

at 

One  assumption,  sometimes  advantageous,  is  that  0^  =  —  co^. 
The  equations  then  reduce  to 

at  ^  ^ 

C^  =  N, 

at 

The  discussion  of  the  applications  of  the  theory  of  moving 
axes  is  however  beyond  the  limits  of  an  introductory  treatise 
and  must  be  sought  for  in  the  larger  works  on  the  subject. 

114.  There  are  two  classes  of  problems  in  which  we  do 
not  require  the  complete  solution  of  the  equations  of  motion, 
but  merely  the  determination  of  the  values  of  certain  quantities 
involved  in  them  at  certain  times  or  under  certain  limitations 
as  to  magnitude :  the  problems  of  what  are  called  *'  initial 
motions"  and  "small  oscillations." 

115.  Each  of  these  classes  will  be  best  illustrated  by  the 
actual  solution  of  a  problem,  and  an  exceedingly  simple  one 
will  do  for  the  purpose. 
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Suppose  a  bar  AB  bangs  borizontally,  suspended  by  two 
equal  vertical  strings  fastened  to  tbe  ends.  One  of  the 
strings  is  cut.  It  is  required  to  find  the  instantaneous 
alteration  in  the  tension  of  the  other. 

In  this  case  it  is  not  difficult,  and  it  may  be  useful  to 
the  student,  to  write  down  the  equations  of  motion  corre- 
sponding to  the  position  at  a  time  t  after  the  string  has  been 
cut. 

Let  then  CA  be  the  remaining  string,  of  length  I.  Take 
C  as  origin,  and  horizontal  and  vertical  lines  through  G 
as  axes  of  x  and  y.  Let  the  length  of  ^5  be  2a,  its  mass  i/, 
and  X,  y  the  co-ordinates  of  its  middle  point.  Let  6  and  </> 
be  the  inclinations  of  CA  and  AB  respectively  to  the  horizon. 
Let  T  be  the  tension  of  A  G. 


y 


X 


id 


Mgr 


Then  for  the  motion  of  AB,  we  have  by  Art.  79, 


M^=-Tco^e.... 

CLl/ 


.(1;, 

(2), 


MM 


d"(f> 
df 


Tasm{e-cp) (3). 


The  geometrical  conditions  give 

x=^l  cos  6  +  a  cos  ^ (4), 

y  =  I  sin  d  +  a  sin  </> (5). 

"We  thus  have  five  equations  to  determine  the  five  quan- 
tities X,  ?/,  6,  (j),  T. 

A.  D.  7 
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One  integral  relation  independent  of  T  could  be  ob- 
tained by  multiplying  the  first  three  equations  ^J  -r-  >   -f 

and  -^  respectively  ;  adding  the  resulting  equations,  the  co- 
efficient of  T  would  be  found  to  vanish.  This  would  give  us 
the  equation  of  energy.     (Arts.  92 — 94.) 

To  find  another  integral  relation  independent  of  T,  some 
special  artifice  would  have  to  be  adopted.  We  do  not  how- 
ever want  to  solve  the  problem  completely  but  only  to  dis- 
cover the  initial  value  of  T. 

If  we  differentiate  each  of  the  equations  (4)  and  (5) 
twice  with  respect  to  t,  we  obtain 

^  =  -Zsm^^-,-asm</>^,-Zcos^y-acos0^-|j, 

-,=Zcos^^  +  acos(/>  J-/sm^y  -  a  sm  ^  (^-|j  . 

At  the  very  beginning  of  the  motion  -j-  and  -$  both 

at  at 

77" 

vanish,  and  6  and  (j)  have  the  values  —  and  zero  respectively. 

Therefore  initially,  that  is,  at  the  very  instant  when  the 
string  is  cut, 

d^__r^       d^_     d^ 
df  ~       dt''      df  ~^df' 

Hence  equations  (1),  (2)  and  (3)  become 

From  the  last  two  of  which 

T= 1^=  --r^,  smce  k^  =  -  .     (Art.  41.) 


1+77. 


a        4  o 


Hence  since  the  tension  of  the  string  was  -—  before  the 
other  one  was  cut,  it  is  diminished  by  one-half. 
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116.  Any  other  similar  problem  can  be  treated  in  the 
same  way.  Tlie  dynamical  equations  need  however  only  be 
written  down  with  the  values  of  the  right  hand  members  in 
the  initial  positions.  The  geometrical  equations  must  be 
written  down  for  the  general  position  and  ditferentiated  twice. 
In  the  results  thus  obtained  the  initial  values  of  the  geometri- 
cal quantities  can  be  substituted,  those  of  the  first  differential 
coefficients  being  zero.  The  second  differential  coefficients 
can  then  be  eliminated  between  the  geometrical  and  dynami- 
cal results  and  the  initial  values  of  the  reactions  and  tensions 
obtained. 

117.  The  general  equations  of  motion  of  a  body  or 
system  of  bodies  always  contain  the  second  differential 
coefficients  of  the  quantities  which  serve  to  determine  the 
position  of  the  bodies.  We  may  call  these  quantities  the 
co-ordinates  of  the  bodies.  From  the  equations  of  motion  Ave 
can  deduce  the  values  of  these  co-ordinates  which  correspond 
to  the  position  of  equilibrium,  by  equating  the  accelerations 
to  zero.  If  we  assume  that  the  co-ordinates  have  values 
slightly  differing  from  those  which  give  equilibrium,  we  can 
obtain  a  series  of  differential  equations  of  the  second  order, 
and  linear  as  regards  the  increments  of  the  co-ordinates,  any 
term  involving  any  one  of  them  being  expanded  as  far  as  the 
first  power  of  the  increment.  If  between  these  equations  we 
eliminate  the  unknown  reactions,  we  shall  arrive  at  a  series 
of  equations  of  the  form 

a^  +  ^-jir+ +\x  +  fix  + =  0, 

where  x,  x are  the  increments  of  the  indeiDcndent  quan- 
tities which  determine  the  position  of  the  body.  If  the 
solutions  of  these  equations,  of  which  the  number  is  the 
same  as  that  of  the  quantities  to  be  determined,  can  be 
expressed  in  the  form  of  sines  or  cosines  of  multiples  of  t 
without  exponentials,  then  the  motion  is  oscillatory,  and  the 
position  of  equilibrium  is  a  stable  one.  If  on  the  other  hand 
the  solution  involves  exjoonential  functions  of  t,  the  values  of 

X,  X may  some,  or  all,  of  them  increase  indefinitely  with 

t,  and  our  supposition  that  they  are  small  will  be  erroneous. 

7—2 
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In  this  case  the  motion  is  not  oscillatory  and  the  equilibrium 
is  unstable. 


118.     A  single  example  will  suffice. 

Two  equal  heavy  rods  AB,AG,  each  of  mass  ilf,  hinged  at 
A  rest  symmetrically  in  a  vertical  plane  over  a  smooth 
cylinder.  It  is  required  to  find  the  position  of  equilibrium, 
and  the  time  of  a  small  oscillation  if  displaced  from  that 
position. 


Let  the  length  of  either  rod  be  2(X,  and  let  c  be  the  radius 
of  the  cylinder.  Let  a  horizontal  and  vertical  line  through  0, 
che  centre  of  the  cylinder,  in  the  plane  of  the  rods  be  taken 
as  axes;  let  a?,  y  be  the  co-ordinates  of  the  centre  of  inertia  of 
AB,  and  6  the  inclination  oi  AB  to  the  horizon.  Let  R  be  the 
pressure  of  the  cylinder  on  AB,  and  X  the  action  of  ^C  on 
AB  which  from  considerations  of  symmetry  we  shall  assume 
to  be  horizontal.  Then  for  the  motion  of  AB,  by  Art.  79, 
we  have 

ilf^  =  X+i?sin^ (1), 

M^,  =  Ecose-2Ig (2), 

Mk''^,=R.GE+Xa^me (3). 
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The  cfeometrical  conditions  crive         v.^  ^  *^  u  i  i,  I 


co  =  a  cos  6 


^zi^U^r  V^ 


y  = -;—  a  sin  6 (5), 

•^      cos  ^  ^  ^' 

GE=a-ci^nd  (6). 

The  position  of  equilibrium  is  obtained  by  equating 

d^    cFi      ere 

df  '    df  df 

to  zero.  We  thus  obtain,  if  a  be  the  value  of  6  in  this  position, 
eliminating  R  and  A'  between  (1)  and  (3),  and  substituting 
for  GE  its  value  from  (6), 

a—  c tan  a. 

-. =  sm  a. 

a  sin  a 

Therefore           a  (1  —  sin^  ol)  =c  tan  a, 
or  a  cos^  a  =  c  sin  a (7). 

119.  If  the  rods  be  slightly  displaced  from  this  position 
we  may  suppose  that  6  =  a  +  cp,  where  (/>  is  a  small  quantity 
whose  square  and  higher  powers  may  be  neglected. 

We  have  then  from  (4)  and  (5), 

x  =  a  cos  (a  +  <^)  =  a  cos  a.  — a  sin  a. .  (p, 
by  Taylor's  Theorem, 

c  .  c  . 

y  =  z rr  —  a  sin  (a  +  6)  = a  sin  a 

'^      cos  (a  +  9)  ^        ^^      cos  a 


,  fc  sni  a  \ 

+  4>  2 a  cos  a 

^  \  cos    QL  J 

—  a  sin  Of,  by  (7). 


cos  a 
Hence,  to  the  order  of  approximation  required,  we  have 

cVx_  .        d^.      <^_n    d'e__d^ 

df  -  -  ^  s^^  ^^  •  at' '    df  ~    '  ~df  ~  df  ' 
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Multiplying  (1)  by  a  sin  6  and  subtracting  from  (3),  X  dis- 
appears, and  we  obtain 

F  -7-^-as'm  0-^A=R{a  —  c  tan  6-a  sin^  6) 

=  R  {a  cos^  6  —  c  tan  6), 
or  substituting  the  approximate  values 

M  {k^  +  a^ sin^ a)  ~=R  {a cos^  a  —  c  tan  a) 

—  i^  (  2asina  cosa  H ^](i> 

\  cos^a/^ 

=  -i?(2asmacosa+    . — -J^ (8)  by  (7). 

Also  (2)  gives 

0  =  i^  cos  a  —  Mg  —  R  sin  a .  0. 
Hence 

Jl= 'y—- — = — ^{1  +  ^tana], 

cos  a  —  (psma     cos  a  ^  ^ 

approximately. 

Substituting   for  R  in  (8),  and   neglecting   squares   and 
higher  powers  of  0,  we  obtain 

M{k'  +  a'  sin^ «)  ^  =  "  %«  (^  si^  a  +  ^.^"j .  </,. 

Therefore      ^+   .""^  f.rV-^}  ,.<!>  =  0 (9). 

at       sm  a  {k  +  a  siu  a)    ^  ^  ' 

Thus  the  motion  is  oscillatory  and  the  time  of  a  complete 
small  oscillation  is 


^        /sin  a  (^•" 


+  rt^  sin^a) 


ag  (2  sin'a  +  1)     ' 
where  a  is  determined  in  terms  of  a  and  c  by  (7). 

120.  In  the  preceding  problem  there  is  only  one  inde- 
pendent co-ordinate  to  determine  the  position  of  the  system. 
In  such  a  case  another  method  of  arriving  at  the  result  is 
available. 
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By  multiplying  (1)  by  ^^,  (2)  by  ^,  (3)  by  ^,   and 

addinof  we  shall  find  that  the  coefficients  of  X  and  R  on  the 
right  hand  side  vanish  in  virtue  of  (4),  (5)  and  (6).  Hence 
integrating,  we  obtain  the  equation  of  energy,  namely 

and  substitutinsf  in  this  for  ^7  ,  -^  and  y  their  values  in  terms 
of  6  Ave  obtain 


1 


=  Tr  —  2Gr  ( 7;  —  a  sin  ^ 

M      ^  Vcos  6 


(nn\ 
"77  j    by  the  symbol  A 

and  differentiate  both  sides  of  the  equation  with  respect  to  d 
we  obtain 

dA  fdoy  ^ ,  d'd      ^  fc  sin  e         X 

If  we  now  suppose  Q  to  have  a  value  a  +  (^  where  a  is  the 
same  as  before,  and  neglect  squares  and  higher  powers  of  </> 

and  consequently  of  -~ ,  this  equation  gives,  expanding  the 

ctz 

right  hand  member  by  Taylor's  Theorem, 

.  2  •  1     ,  Ti\d^^  ,      fc(l  +  sin^a)  ,        .      ] 

(asma  +  k)-^  =  -gcl>.  \-^~b^  +  a  sm  aj 

,  /I  +  sin^a       .      \ 

=  —  qa .  (b  \  — -. \-  sm  a 

•^      ^  V    sma  / 

,  2  sin"a  +  1 

=  —  qa.(b -. • 

"^       ^       sm  a 

the  same  equation  as  before. 

121.  The  general  theory  of  the  small  oscillations  of  a 
system  of  bodies  when  their  positions  depend  on  a  large 
number  of  independent  quantities,  which  involves  the  investi- 
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gation  of  the  conditions  of  the  stability  or  instability  of  equi- 
librium, is  beyond  the  scope  of  this  treatise.  The  foregoing 
example  will  give  the  student  an  idea  of  the  method  to  be 
emj)loyed  in  the  simple  cases  that  are  likely  to  come  before  him. 

122.  It  is  sometimes  required  to  investigate  the  tendency 
to  break  at  any  jDoint  of  a  rod  or  wire  in  motion.  We  assume 
that  the  student  is  familiar  with  the  statical  theorem  that 
the  tendency  to  break  at  any  point  of  such  a  rod  in  equi- 
librium, is  measured  by  the  moment  of  all  the  forces  which 
act  on  the  rod  on  either  side  of  the  point.  When  the  rod  is 
in  motion  we  must  introduce  in  addition  to  the  impressed 
forces  the  reversed  effective  forces  which,  by  D'Alembert's 
principle,  form  with  the  impressed  forces  a  S3^stem  in  equi- 
librium. The  tendency  to  break  at  any  point  will  then  be 
measured  by  the  sum  of  the  moments  of  all  the  impressed  and 
reversed  effective  forces  acting  at  points  on  one  side  of  the 
point  considered. 

As  an  illustration  we  may  take  the  following  problem. 


A  uniform  rod  AB  moveable  about  one  end  A,  falls  from 
rest  in  a  vertical  position :  it  is  required  to  find  the  tendency 
to  break  at  any  point  F  of  the  rod  when  it  is  inclined  at  an 
angle  6  to  the  vertical. 

By  the  equation  (6)  of  Art.  52,  we  have 

CCL 
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if  2a  be  the  length  of  the  rod,  and  k  its  radius  of  gyration 
about  its  middle  point. 

Also  if  Q  be  any  point  of  the  rod  further  from  A  than  P, 
and  AQ  =  u,  the  efi'ective  forces  on  an  element  of  the  rod  of 

length du,  are mdu.ul-r- J  along  QA,  and  mdu .  ic  -y^  perpen- 
dicular to  AB  in  the  direction  of  6  increasing,  m  being  the 
mass  of  a  unit  of  length  of  the  rod.  The  former  of  these 
reversed  has  no  moment  round  F;  the  moment  of  the  latter 

rPO 
reversed  round  P  is  mdic .  u  -p  (u  —  z),  if  AP  =  z. 

The  moment  of  the  weight  of  this  same  element  round 
P  is  mgdu  .  (a  —  z)  sin  6. 

Hence  the  whole  tendency  to  break  at  P  is  measured  by 

pa  f  d^6  .      ) 

ml     <{u^ —  uz) -j-r^—g  (u  — 2)  sin  6  [du 

d'd{8a'-z'      4a' -^^   1  .    ^(ia'-z^     ,^         ,  ] 

.     .  (a  (16a'  -  12a"^  +  z')     4a'  -  4az  +  z' 
=  m^sm^j— g^^,^,^ ^ 

.    ^fl6a'-12a'^  +  ^'      4a'-4a^  +  -s'] 
=  m^sm^| 8a 2 [' 

a' 
since  Jc^  =  ~  ^  by  Art.  41, 

.    ^  4a'-2'  —  4a2:'  +  2^ 
^mgsrne ^ ■ 

'^  16a^ 

It  may  be  noticed  that  this   expression  vanishes,  as  of 

course  it  ought  to  do,  at  each  end  of  the  rod,  and  has  its 

2a 
greatest  value  at  a  point  for  which  2;  is  -^  . 

o 
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1.  A  horizontal  rod  of  mass  m  and  length  2a  hangs  by 
two  parallel  strings  of  length  2a  attached  to  its  ends :  an 
angular  velocity  w  being  suddenly  communicated  to  it  about 
a  vertical  axis  through  its  centre,  show  that  the  initial  in- 

crease  of  tension  of  either  string  equals  — -r— ,  and  that  the  rod 
will  rise  through  a  space  -^^—  , 

2.  A  parabolic  lamina,  cut  off  by  a  chord  perpendicular 
to  its  axis,  is  kept  at  rest  in  a  horizontal  position  by  three 
vertical  strings  fastened  to  the  vertex  and  the  two  extremities 
of  the  chord ;  if  the  string  which  is  fastened  to  the  vertex  be 
cut,  the  tension  of  the  others  is  suddenly  decreased  one-half. 

3.  A  uniform  square  lamina  is  supported  in  a  horizontal 
position  by  strings  of  equal  length  attached  to  opposite  ex- 
tremities of  a  diameter ;  if  one  of  the  strings  be  cut,  deter- 
mine the  instantaneous  chapge  of  tension  of  the  other. 

4.  Two  equal  uniform  rods,  of  length  2a,  are  joined 
together  by  a  hinge  at  one  extremity,  their  other  extremities 
being  connected  by  an  inextensible  string  of  length  21.  The 
system  rests  upon  two  smooth  pegs  in  the  same  horizontal 
line,  distant  2c  from  each  other.  If  the  string  be  cut,  prove 
that  the  initial  angular  acceleration  of  either  rod  will  be 

Sa'c  -^  I' 

-  Sa'cl 

5.  An  equilateral  triangle  formed  of  three  equal  heavy 
uniform  rods  of  length  a,  hinged  together  at  their  extremities, 
is  held  in  a  vertical  plane  with  one  side  horizontal  and  the 
vertex  downwards.  If  after  falling  through  any  height,  the 
middle  point  of  the  upper  rod  be  suddenly  stopped,  the  im- 
pulsive strains  on  the  upper  and  lower  hinges  will  be  in  the 

ratio  of  Vl3  to  1. 
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If  the  lower  hinge  would  just  break  if  the  system  fell 

through  a  height  --^ ,  prove  that  if  the  system  fell  through  a 

v3 

height  '-^  ,  the  lower  rods  would  just  swing  through  two 

v3 

right  angles. 

6.  The  upper  extremity  of  a  uniform  beam,  of  length 
2a,  is  constrained  to  slide  along  a  smooth  horizontal  rod 
without  inertia,  and  the  lower  along  a  smooth  vertical  rod, 
through  the  upper  extremity  of  which  the  horizontal  rod 
passes ;  the  system  rotates  freely  about  the  vertical  rod ; 
prove  that,  if  a  be  the  incliuation  of  the  beam  to  the  vertical 
when  in  a  position  of  relative  equilibrium,  the  angular  velocity 

of  the  system  will  be  [  — J" ;  an,d,  if  the  beam  be  slightly 

displaced  from  this  position,  show  that   it  will  make  small 
oscillations  in  the  time 


^TT 


1  • 


—  (sec  a  -i-3  cosa)r 
a  ^  } 

7.  A  heavy  uniform  rod  AB  has  its  lower  extremity  A 
fixed  to  a  vertical  axis,  and  an  elastic  string  connects  B  to 

AB 

another  point  C  in  the  axis,  such  that  AG=  ~-  ;  the  whole 

v2 
is  made  to  revolve  round  AC,  with  such  angular  velocity  that 
the  string  is  double  its  natural  length  and  horizontal  when 
the  system  is  in  relative  equilibrium,  and  then  left  to  itself; 
if  the  rod  be  slightly  displaced  in  a  vertical  plane,  find  the 
time  of  a  vertical  oscillation,  the  weight  of  the  rod  being  suf- 
ficient to  stretch  the  string  to  twice  its  length. 

8.  A  rod,  which  is  the  diameter  of  a  circle,  is  capable  of 
rotating  in  the  plane  of  the  circle  about  the  centre ;  every 
particle  of  an  arc  of  the  circle  subtending  an  angle  43c  at  the 
centre  repels  every  particle  of  the  rod  with  a  force  varying 
inversely  as  the  square  of  the  distance :  if  the  rod  be  slightly 
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displaced  from  its  position  of  stable  equilibrium,  prove  that 
the  time  of  a  small  oscillation,  for  different  values  of  a,  varies 

/cos  2a\2 

as    —. . 

V  sm  a  / 

9.  The  middle  point  of  a  uniform  rod  is  fixed  midway 
between  two  centres  of  force,  which  attract  with  a  force  vary- 
ing inversely  as  the  square  of  the  distance.  Prove  that  the 
time  of  a  small  oscillation  is 

/    M 


2.7? 


Sfiac ' 
"where  M  is  the  mass  of  the  rod,  2c  its  length,  2a  the  distance 

between  the  centres  of  force,  and  ^— ^  the  attraction  on  an 

element  Bx  of  the  rod  at  a  distance  r. 

10.  The  extremities  of  a  uniform  heavy  rod  of  length  2a 
slide  upon  two  smooth  wires  which  form  the  upper  sides  of  a 
square  whose  diagonal  is  vertical :  prove  that  the  time  of  a 
small  oscillation  is 

Find  the  greatest  angular  velocity  with  which  the  square 
may  be  constrained  to  move  about  its  vertical  diagonal,  with- 
out destroying  the  stability  of  the  relative  equilibrium  of  the 
rod  when  horizontal. 

11.  A  rough  cylinder  of  radius  a  loaded  so  that  its  centre 
of  gravity  is  at  a  distance  h  from  its  axis  is  placed  on  a  board 
of  n  times  its  mass,  which  can  move  on  a  smooth  horizontal 
plane.  Find  the  time  of  an  oscillation  when  the  system  is 
slightly  disturbed  from  its  position  of  stable  equilibrium,  and 
prove  that  if  Z  be  the  length  of  the  simple  equivalent  pendulum 

?i  + 1 

where  h  is  the  radius  of  gyration  of  the  cylinder  about  a  hori- 
zontal axis  through  its  centre  of  gravity. 
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1 2.  An  elastic  string  has  its  ends  fastened  to  the  ends  of 
a  rod  of  equal  length.  The  middle  point  of  the  string  is 
fastened,  and  at  that  point  is  placed  a  centre  of  force  which 

repels  every  particle  of  the  rod  with  a  force  =  ry^Tyz  •     The 

rod  is  then  moved  parallel  to  itself  through  a  distance  equal 
to  half  its  length.  If  in  this  position  the  elasticity  of  the 
string  be  such  that  the  rod  is  in  equilibrium,  show  that  if 
slightly  displaced  perpendicular  to  its  length,  the  time  of  a 
small  oscillation  will  be 


fji  (5  +  V:^)* 


13.  A  rod  of  length  2a  and  mass  M  is  suspended  by  a 
weightless  string  of  length  21  over  two  smooth  pegs  in  the 
same  horizontal  line,  whose  distance  apart  is  2h,  b  being  <  a. 
When  at  rest  in  a  horizontal  jDosition,  it  receives  a  blow  Mv 
at  one  end  in  the  direction  of  its  length.     Show  that  the 

initial  velocity  of  the  middle  point  of  the  string  is  v  -j — j- . 

14.  A  rod  AB,  of  length  2a,  is  capable  of  motion  in  a 
vertical  plane  round  its  centre  0  which  is  tixed.  P  and  Q  are 
two  points  vertically  above  and  below  0  and  distant  b  from 
it.  Two  similar  elastic  strings  of  equal  natural  length  are 
fastened  at  P  and  Q  and  also  to  the  end  A  of  the  rod.  If 
the  rod  be  pulled  out  of  its  position  of  equilibrium,  and  then 
let  go,  find  the  angular  velocity  in  any  subsequent  position, 
supposing  the  string  to  remain  stretched  all  through  the 
motion,   and   show  that  the  time  of   a  small   oscillation   is 

/  /      li      I      7  2\  — 

TT  V  7,TiT> — -  ,  where  m  is  the  mass  of  the  rod  and  X  the 

coefficient  of  elasticity. 

15.  A  wire  in  the  form  of  the  portion  of  the  curve 
r  =  a  (1  +  cos  6)  cut  off  by  the  initial  line  rotates  about  the 
origin  with  angular  velocity  -sx,  show  that  the  tendency  to 

break  at  a  point  ^  =  ^  is  measured  by  — '—^ -sr^a^  where 

m  is  the  mass  of  a  unit  of  length. 


110  EXAMPLES.      CHAPTER  VIII. 

16.  A  wire  is  bent  into  a  circular  form  and  is  placed  with 
the  diameter  through  the  crack  A  vertical,  and  the  other  ex- 
tremity B  of  this  diameter  is  fixed  :  it  is  then  made  to  rotate 
with  an  angular  velocity  co  about  AB.  Find  the  tendency  to 
break  at  any  point. 

17.  A  system  consisting  of  two  uniform  rods  AC,  CB 
rigidly  connected  together  at  C)  and  at  right  angles,  is  whirled 
away  in  any  manner  on  an  infinite  horizontal  smooth  plane, 
so  that  every  point  always  touches  the  plane ;  show  that  the 
tendency  to  break  at  any  moment  at  C  is  proportional  to 

GA' .  GB'' 

GA-\-CB' 

18.  The  rigid  body  described  in  question  17  falls  without 
rotation  and  strikes  a  smooth  horizontal  plane  at  5 ;  if  tliere 
is  no  rotation  produced  by  the  impact,  show  that  the  inclina- 
tion of  BG  to  the  horizon  is  tan~^ ^-f^^ • 

AG- 

Find  in  that  case  the  impulsive  breaking  strain  at  C. 

19.  A  circular  wire  is  revolving  uniformly  about  its  centre 
fixed.  If  it  be  cracked  at  any  point,  show  that  the  tendency 
to  break  at  an  angular  distance  a  from  the  crack  is  propor- 
tional to  sin^  - . 
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CHAPTER   I. 

1.  iojli  round  the  line  6a;  =  —  Sv/  =  2z. 

2.  Use  Art.  17. 

4.  By  example  2  :  by  changing  the  rotation  to  one  round  a 
parallel  axis  properly  chosen  the  velocity  perpendicular  to  the 
axis  of  rotation  can  be  destroyed. 

5.  The  fixed  point  and  line  are  in  each  case  the  focus  and 
directrix  of  th-e  parabola. 

6.  The  focus  of  the  parabola  at  each  instant  is  the  instan- 
taneous centre  of  rotation,  the  line  itself  is  the  tangent  at  the 
vertex. 

7.  aoi  parallel  to  one  edge,  a  being  the  length  of  an  edge. 

k  h  h 

8.  I  tan  "'  -  +  m  tan~^  -  +  ?i  tan-'  -  =  0, 

X  y  z 

where  h  =  ^yz  4-  zx  +  xy. 

9.  Use  last  paragraph  of  Art.  3.  Yes, — round  a  line  perpen- 
dicular to  each  of  the  two  straii:jht  lines. 


CHAPTER   II. 


1.     (a)     The  acceleration  of  the  chain 


=  -j  -J  (sin  a  -h  sin  /5)  -  sin^    </, 
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where  x  is  the  length  on  the  plane  inclined  at  an  angle  a  to  the 
horizon,  and  I  its  whole  length.  Equating  this  to  -^  and  integrating, 
the  motion  can  be  determined. 

(•)/)     The  motion  is  given  by  an  equation 

2.  Backwards,  for  the  centre  of  gravity  must  descend  verti- 
cally. 

3.  When  the  oarsmen  move  their  bodies  the  boat  must  move 
in  an  opposite  direction.  The  water  opposes  less  resistance  to  a 
sudden  rapid  motion  of  the  boat  through  it  than  to  a  slow  one. 

4.  Solve  as  a  statical  problem,  applying  to  each  element  of  the 
rod  a  force  mSs .  rw^  perpendicular  to  the  axis  of  rotation. 


CHAPTER   III. 
1.     ^^^MaK  2.     J/f;    J/'"'"^^' 


4:'  4: 

+  r  ^ 
3 


3.     (1)   31— -~ ^-  ;  r^,  7\  being  the  radii  vectores  of  the 


extremities.  (2)     M  ^^ . 

4-     (1)     ^^'r.'^f-      (2)     ^IM.      (3)      J/^'. 

(3)  sin^  a  (3  +  J  tan^  a). 

8.  sin^  a  (3  +  J  tan^  a). 

^^  +  c^ 

9.  M  —7 —  ,  the  density  being  taken  to  be  always  the  nume- 

rical  value  of  the  given  expression ;  otherwise  zero.        10.    r— 1. 
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11.  The  solid  is  produced  by  the  revolution  of  the  curve 
r  =  a  {I  +  cos  6)  round  the  initial  line. 

(1)     M.   3^.        (^)     J^.-i43    • 

12.  Deduce  from  Art.  -16  by  similar  triangles, 

13.  Divide  the  tetrahedron  into  triangular  slices  by  )  Janes 
parallel  to  the  face  opposite  the  given  angle.  To  each  of  these 
slices  apply  the  result  of  the  last  question.  If  A^,  h„^  h^  be  the 
perpendicular  distances  of  the  other  three  angular  points  from  the 
given  plane,  the  required  moment 

M 

14.  Deduce  from  13  by  the  help  of  Arts.  32  and  31. 

15.  Take  the  given  edge  as  axis  of  z,  any  point  in  it  as 
origin,  and  the  plane  through  it  and  the  middle  point  of  the  opposite 
edge  as  plane  of  zx.  The  required  condition  is  that  the  two  oppo- 
site edges  are  mutually  perpendicular.      Use  Example  14. 

16.  Use  Example  14. 

17.  One  axis  will  be  the  tangent  to  the  base  at  the  point 
required.  By  Example  7  calculate  the  principal  moments  at  the 
centre  of  inertia,  and  by  Art.  37  obtain  the  equation  of  the 
momental  ellipsoid  at  the  point  required. 

18  and  19.     Use  Art.  37.  21.     ^^^. 


i)ir 


22.     Use  Art.  37. 


CHAPTER   IV. 


9. 


The  distance  of  each  axis  from  the  parallel  one  througli 
the  centre  of  inertia  can  be  determined  in  terms  of  the  required 
radius  of  gyration. 

A.  D.  8 
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4.  The  equation  of  motion  is 

,,o       oxd^O  .    ^  he      .    ^  nghc  sin  0 

(Jcr  +  en  -T^=  -qa  sm  0  -  ng .  , sm  i)  +    .       - . 

^  '  df         ^  ^   h-c  Jk'  +  c'-2hccosd 

,  since  the  terms  with 

ag      ' 

71  when  expanded  do  not  contain  a  lower  power  than  $^. 

5.  The  angular  velocity  of  the  rod  and  the  linear  velocity  of 
the  ball  are  reversed  at  each  impact. 

6.  Take  T^,  T^  as  the  tensions  of  the  string  at  the  two  ends  of 
the  horizontal  diameter  and  write  down  the  equations  of  motion 
of  the  plate  and  the  two  portions  of  string  separately.  Eliminate 
jTj  and  T^  and  integrate. 

7.  The  greatest  angular  velocity  is  produced  when  the  tangen- 
tial action  is  just  /x  times  the  normal  action  during  each  part  of  the 
impact. 


8      x/l'^. 


r-T-  Q. 


6(2  +  3  cos- 


impulsive  tension  =  -— 6  cos  ^      /   — .  ^^   , 


'6g(^J  2 -2  sin- 

) 


2, 

0  being  the  angle  between  the  door  and  doorway  when  stopped. 
For  the  other  results  proceed  as  in  Art.  59. 

10.     By  Art.  55  the  co-tangent  of  the  angle  required,  in  any 
position, 

_  (k'+  ^h')cote  +  h'i^nO 
~  3h' 

12.     The  motion  is  really  one  of  rotation  about  the  centre  of 
the  ring. 
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CHAPTER  y. 

1.      Use  Art.  64,  remembering  that  w^=  a>;=  0  ;  A'  ==  B'  =  C  —  0, 

2  j^      2 

and  B  =  M .  — - —  . 


2.  If  (^  be  the  angle  which  the  plane  through  the  instan- 
taneous axis  and  the  principal  axis  of  C  makes  with  the  plane 
of^C, 


(0 

tan  <^  =  -  ^  ^ 

therefore 

dt  ~ 

-,  /wgX           dii)„         du). 
\i^J         '  dt         '  dt 

dt                           W,"  -h  0^2 

and  use  Art. 

68. 

3.  Differentiate    '^m{}/  +  z^),    &c.,  and    use   the  formulae   of 
Art.  7.     The  angular  momenta  are  given  in  Art.  65. 

4.  Take  the  equations  of  Art.  68,  putting  A  =B :  we  easily 
get  from  the  data 

where  k  is  some   constant.     The   equations  give   the   values   of 

^ 

J(ji^  +  (o/  and  (1)3 ;  .v<^i^  +  ^2  =  4  •  ^• 

5.  From  Art.  68  we  get,  by  integration  and  having  regard  to 
initial  circumstances, 

B{A-B)i^;-C{C-A)o>^'  =  {), 

whence  the  result  follows. 

6.  Use  the  equations  (1),  (2),  (3)  of  Art.  71,  remembering  that 
C=-A  +  B. 

7.  Take  C  as  the  mean  axis,  and  use  the  equations  of  Arts.  74 
and  71. 

Since   Z;^  =  Ch^  it  easily  follows   that  the  ratio  of  Wj^  to  to/ 
is  constant;  whence  xp  is  constant  by  (1)  of  Art.  74,  and  therefore 
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-^y  also  by  (3).     And  by  integrating  (2)  the  result  can  be  obtained. 

To  give  the  result  in  the  question,  C  and  B  must  be  interchanged 
and  G  written  for  k^. 


CHAPTER    VI. 

1.  The  blow  must  be  applied  at  the  point  which  would  be  the 
centre  of  percussion  if  the  axis  were  fixed. 

2.  If  X  be  the  distance  of  the  particle  from  fixed  axis, 

,         Am  Awx 

"^  ^A  +  Mx''     ""^aTIIx'' 

where  3/  is  mass  of  particle,  v  its  velocity  after  impact,  and  w,  w' 
the  angular  velocities  before  and  after  impact;  therefore  v  is  least 
when  Mx^  =  A,  A  beinjr  the  moment  of  inertia  of  the  lamina 
about  the  fixed  axis. 

3.  The  inclination  of  the  rod  to  the  horizon  is  given  by 

Ma  sin  6  =  M'  {Jc"  +  4a''  -  iac  cos  6^  -  c  +  2a], 

where  J/,  M'  are  the  masses  of  the  rod  and  weight,  2a  the  length 
of  the  rod,  and  c  the  distance  of  the  pulley  from  the  hinge. 

4.  Use  Art.  80. 

6.  If  <^,  6  be  the  inclinations  to  the  vertical  of  the  rod  and 
the  radius  to  the  point  at  which  the  end  of  the  rod  is  fastened,  they 
satisfy  the  conditions 

csine-2a.mc^  and  r  ^- +  J/ sm"  6  j  (^  ^^^  j   +  ^-{jt) 

4-  22I'ac  sin  6  sin  4> -v  —r  ~  0  —  2M'q  (c  cos  6  ■¥  a  cos  4>)- 

^  dt  dt  "^  ^  ^' 

7.  Write  down  the  equations  of  motion  of  the  disc  and  each 
rod  sepai'ately. 

9.  Take  the  acceleration  of  the  centre  of  the  ring  along  the 
tangent  and  normal  to  its  path.  If  V,  v  be  the  velocities  of  this 
point  at  first  and  after  a  time  f,  w  the  angular  velocity  after  time  t, 
and  (f)  the  augle  between  the  initial  normal  and  that  at  time  t,  we 
easily  get  v  +  ao)  =  V,  V  —  ve'^'t',  as  long  as  there  is  sliding.  When 
perfect  rolling  begins  v  =  aco. 
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10.  See  Art.  81. 

11.  Equations  (1)  and  (2)  of  Art.  81  apply  to  tlie  sphere. 
Equations  (3)  require  —  yw  and  +  xoi  for  zero  on  the  right-hand 
side,  CO  being  the  anguhir  velocity  of  the  disc  at  the  time.  For 
the  motion  of  the  disc  we  have 

mk'-  -Y-^F^.y-F^.x. 

Whence  can  be  obtained 

mk'iM  +  M  ( X  -—-  —  y  -T-  ]  =  constant  =  mk  ^  O, 
V     dt      -^  dtj  ' 

—  {cc  +  k-)  +  Fyco  =  0,    -    (a^+  k^)  -  k-xin  =  0, 

(Jiv  Cit 

and  the  result  follows. 

12.  See  Arts.  85,  8G  and  also  95,  96  for  the  value  of  the 
vis  viva. 

13.  Take  the  equations  of  Articles  85  and  80   and  suppose 

an  additional  friction  =  eF^.     Hv"  be  the  resulting  velocity  parallel 

to  the  wall 

„  /T       .  k  (v  +  aw)  o  /T       \  \ 

V  ^v-{l+e)  -^^^jj.-  -  ^'  -f  (1  +  e)  {V  +  aw), 

and  if  the  ball  retraces  its  path,  this  —  —  ev,  since  u"  =  —  eu. 
Hence  2aoi  =  5v,  which  is  5  F  cos  a. 

14.  Additional  frictions  Fj,  F^,  parallel  to  Ox  and  Ot/,  must 
be  introduced  into  the  equations  of  Art.  85  at  the  point  of  contact 
of  the  ball  with  the  table.  The  problem  must  first  be  solved  for 
an  inelastic  ball.     We  finally  2:et 

Fy  =  -l  21  {v  +  aw),  F^  =  f  f  M  {v  +  aw) : 

whence  v"  =  v  —  (1  +  e)  .  ~  {v  +  aw), 

and  equating  this  to  —  ev  the  result  follows. 

15.  If  X,  y,  ;^  be  the  co-ordinates  of  the  point  of  application 
of  the  blow,  A",  Y,  Z  the  components  of  the  blow,  the  general  con- 
dition for  rollins:  is  that 


o 


(x^.n(f-iy-¥(|-i)(:^.iV) 


+ 


^.|«>l^)_^.(,,«y},o, 
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which,  putting 

i 

5  ' 


/A  =:  ^4  and  h^ 


reduces  to 

]  6.  The  motion  of  the  centre  of  the  sphere  is  all  in  one 
plane.     The  condition  is  that  Il  =  0. 

17.  The  condition  is  that  F  becomes  equal  to  fiH.  The 
equations  for  the  cylinder  and  particle  must  be  written  down 
separately. 


CHAPTEK  VII. 

1.        ^-^ 7j-~ ,    Si    bemg    the    original     angular 

velocity,  and  c  the  original  distance  of  the  particle  from  the  fixed 
end  of  the  tube. 

2.  2aUj7,  if  O  be  the  angular  velocity,  after  the    impulse 
between  the  rod  and  tube  at  starting  has  taken  place. 

n'  .       , 
O  =  r-T  if  O'  be  the  angular  velocity  of  the  tube  before  this  impulse. 


3.  The  position  of  the  insect,  while  on  the  disc,  is  determined 

4.  The   equation   of  conservation  of  moment  of  momentum 

gives  J/F  +  mr^)  --    +  7>w"a  =  constant, 

(It 

where  (f>  is  the  angle  turned  through  by  the  disc. 
Also  r'  =  cr  cos  2at. 

6.     The  angular  velocity  of  each  rod  after  the  impulse  -  ^r-  . 
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7.  The  moment  of  momentum  and  the  energy  of  the  system 

remain  unaltered.      When  the  angle  between  the  rods  is  greatest 

clG      d(h 

-7-  =  -^ ,  with  a  notation  like  that  of  Art.  105,  which  see. 

at      at 

8.  Compare  Arts.  105  and  108. 

9.  The  energy  and  moment  of  momentum  of  the  system 
are  each  constant. 

10.  Compare  105  and  Example  7. 

11.  Compare  105  and  108. 

12.  Compare  105  and  Example  7. 

14.  The  blow  will  always  pass  through  the  instantaneous 
centre  of  rotation.     See  Art.  3. 

15.  If  0,  (ji  be  the  inclination  of  the  rod  to  the  vertical,  and 
of  the  vertical  plane  through  the  rod  to  some  fixed  plane,  the 
energy  of  the  rod 

T[\dt) 
and  the  moment  of  its  momentum  round  a  vertical  axis 

=  M  —r-  sin^6'    ,  . 
3  dt 

The  latter  is  constant  and  the  former  -  C  +  Mga  cos  6.     Wjien  the 

dQ 
rod  makes  the  least  angle  with  the  vertical  ^-  ^  0. 

*=*  dt 

16.  Solve  as  15  and  find  when  — -  is  a  maximum. 

dt 

17.  Use  Art.  64  to  calculate  the  angular  velocities  produced, 
and  Art.  96  to  calculate  the  energy. 

18.  The  equations  of  motion  of  each  rod  are  easily  written 
down.  The  last  result  follows  from  the  fact  that  the  centre  of 
inertia  of  the  whole  has  no  motion  horizontally. 


-ii/^-^f^^y,,iu'egy}, 
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CHAPTER  VIII. 

1.  The  centre  of  the  rod  rises  vertically.  There  are  thus  two 
equations  of  motion,  each  involving  2\  The  equation  of  energy 
will  give  the  second  result. 

2.  Solve  as  in  Art.  115. 

.3.     r  becomes 'y.  4.     Treat  as  Art.  115. 

5.  If  X\  Y'  be  the  horizontal  and  vertical  components  of  the 
action  at  the  upper  hinge  and  X  the  action  at  the  lower,  which  is 
evidently  horizontal,  we  easily  get 

x+ X'  =  0,  3iv  =  r,  {X  -  A")  ^  -  r  ^  -  0, 

whence  the  fiist  result  follows. 

7.     The  equations  of  motion  are 

sin^  6   ,   =  constant  -  -  , 
dt  2 ' 

where  0  and  ^  are  the  usual  angular  co-ordinates  of  the  rod,  and 


''   KHS^  (f)]-^^-Vcos.-.^^(.„sin.-_. 


whence 


a  \  2 

J2)' 


k"  ('^^Y  =  C-2ga  cos  0  -  ^y  (■2a  sin  6 


7.2      2 


2  /,  > 


Joy      4:s'm~d 


and  by  differentiating  and  putting  0  =-■  -  +  ij/  and  then  expanding 

4 

the  right-hand  side  to  the  first  power  of  i}/  so  as  to  get  an  equation 

72  I 

of  the  form  k'  -j-^  —A  —Jji}/,  the  condition  of  relative  equilibrium, 
civ 

Avhich  requires  that  A^O,  gives  a>'==— --      and   the   time   of  a 
small  oscillation 


^'27r\/  j^^2r 


\;)g 


The   given    geometrical    condition    shows   that   6  =  ,    in    th{» 

4 

position  of  relative  equilibrium. 


ANSWERS   TO    EXAAIPLES.  121 

8.  The  position  of  stable  equilibrium  is  when  the  diameter  is 
perpendicular  to  the  line  bisecting  the  arc.  The  moment  of 
the  repulsive  forces  on  the  rod  round  the  centre  when  the  rod  is 
displaced  by  an  angle  6  from  this  position  is  easily  found  to  be 


sin  — f.  ~  dfj> 


=  J'2fi.a  I 
the  general  integral  of  this 


cos  {0  +  </)) 


-2a 


r-         ^  +  di 
^2  cos -^4-1 


=  Mog ^^^ 


v/2 


cos- 


-1 


and  taking  this  between  the  limits,  and  expanding  in  powers  of  0, 
the  result  follows. 

In  this  and  the  following  question  the  attraction  of  a  particle 
on  a  rod  must  be  remembered  to  be  the  same  as  that  of  the  rod  on 
the  particle,  and  to  bisect  the  angle  between  the  lines  joining  the 
ends  of  the  rod  to  the  particle. 

10.  oi^  <  -^ .  The  equation  giving  the  time  of  a  small  oscil- 
lation  is 

if  0  is  the  inclination  of  the  rod  to  the  horizon. 

11.  The  centre  of  inertia  of  the  whole  system  has  no  horizon- 
tal motion.  The  equation  of  energy  and  the  geometrical  conditions 
will  give  the  rest. 

12.  The  only  motion  to  be  considered  is  that  of  the  centre  of 
inertia. 

13.  The  initial  velocity  of  the  rod  is  v  along  AB.  Hence 
the  velocity  of  either  end  of  the  string  in  the  direction  of  its  length 

a  —  b 

14.  Mk'  (^)'=  C  +  X  {J a'  +  b'-  2ab  sin  6  -  Ja' +  b' +  2ab  sin  0]. 
A.  D.  9 
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15.     The  tendency  to  break 


=  m  \  ^  r(j/ .  —  .  a  cos  0  .  dO. 


J  0 


16.  The  tendency  to  break  at  a  point  at  an  angular  distance 

a  from  B  is  2ma^oi~ .  cos*  -  . 

Z 

17.  The  only  effective  forces  reversed  which  have  to  be 
considered  are  forces  mrco"  on  each  particle  from  the  centre  of  inertia 
outwards.  The  sum  of  the  moments  of  all  these  on  CA  or  CB, 
round  C,  will  give  the  required  result. 

18.  The  centre  of  inertia  must  be  vertically  above  B. 

The  force  at  G  consists  of  a  couple  and  a  vertical  force.  The 
latter  =  /x  .  CA  .  v  and  the  former  =  /x  .  CA  .  CB .  sin  6,  where  /x,  is  the 
mass  of  a  unit  of  length,  v  the  velocity  of  the  rods  before  impact, 
and  0  the  inclination  of  CB  to  the  horizon. 
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